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Abstract

Random-coefficient multinomial logit models are widely applied to study discrete
choices in economics. By assuming random coefficients for each individual, the mod-
els can account for unobserved individual heterogeneity and suggest more realistic
substitution patterns, compared to standard logit models. In this paper, I find that
random coefficients become undetectable (i.e., estimated variances are zero) even if
they exist, as many observed individual covariates are incorporated. Having zero
estimates of variances not only yields bias in estimating other parameters but also
raises the concern of parameters on boundary. To address these issues, I propose /1-
regularized maximum likelihood estimation for simultaneous covariate selection, and
develop a debiased machine learning estimator to correct regularization bias while
accounting for parameter constraints, such as non-negativity of variance. I derive
non-asymptotic probability bounds for the regularized estimator and limiting distri-
butions for the debiased estimator. Finally, I validate the estimators with thorough
Monte Carlo simulations, and illustrate the impacts of high-dimensional covariates in

an application to soft-drink markets in North Carolina.
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1 Introduction

The random-coefficient multinomial logit (RC-Logit) model is a highly flexible model that
can approximate any discrete choice model derived from random utility maximization
under mild regularity conditions (McFadden and Train, 2000; Train, 2002). Compared to
standard logit estimation of choice models, the RC-Logit model relaxes the assumption
of the independence of irrelevant alternatives (IIA), allows different coefficients for each
individual, and suggests more realistic substitution patterns'. As a consequence, the
RC-Logit model and its variants have become popular across fields including health
economics (Ho, 2006; Hall et al., 2006; Ericson and Starc, 2012; Hole and Kolstad, 2012),
transportation economics (Hess et al., 2005; Train and Winston, 2007; Léon and Miguel,
2017) and industrial organization.

In industrial organization literature, one well-known example is the differentiated
product demand model developed by Berry et al. (1995, BLP1995 henceforth). Numerous
studies are based on the framework in BLP1995, for example, Nevo (2000a,b); Berry et al.
(2004a); Goolsbee and Petrin (2004); Dubois et al. (2018); Conlon and Gortmaker (2020,

2023). In the model, the indirect utility
Uij = X]’ﬁz —aPj+ éj + &ij (1.1)

of consumer i purchasing product j depends on exogenous product characteristics X,
price P; and an unobserved term &; to researchers that is correlated to the price (e.g., the
quality of a product). The random coefficient 3; can be decomposed as 8; = p* +1I1L; + Zv;,

where L; is the observed individual demographics, and random coefficient v; captures

1The IIA assumption implies that the ratio of choice probabilities between any two options remains
unchanged if an option is added or removed from the choice set. As an example, in the classic red bus-blue
bus problem under a standard logit model, suppose that the market shares of trains and red buses are each
50%. Then, introducing blue buses, which are identical to red buses except for color, will decrease the shares
of trains and red buses to 33%. The RC-Logit model can address this issue by capturing the unobserved
individual preferences on transportation options.



the remaining unobserved individual heterogeneity, which is assumed to follow a known
distribution such as the standard normal distribution. After estimating? parameters on
preference (i.e., a, ¥, ITand X in Eq.(1.1)), researchers can calculate price elasticities and
conduct welfare analysis (e.g., Gowrisankaran et al., 2015).

In this paper, I consider RC-Logit models in the scenario that many observed char-
acteristics of individuals are available in datasets, but not all of them are known to be
relevant to research topics. With advancements in collecting information (e.g., in-home
scanners and online surveys), researchers may have access to detailed individual-level
data consisting of choices and characteristics. For instance, the consumer panel dataset
from NielsonlQ records household-level purchases, and its complementary dataset pro-
vides demographic variables such as income, gender, race, education as well as occupation
of household members. Researchers can include covariates based on their expertise, such
that the model is expected to be correctly specified or at least include the most important
covariates to mitigate omitted variable bias.

Nonetheless, selecting covariates into models can be challenging when there are hun-
dreds of covariates in a dataset, and it is risky to include too many covariates in a model
which makes the model over-parameterized. First, traditional estimation methods such
as simulated maximum likelihood estimation (MLE) and simulated method of moments
(SMM) are consistent but may be biased, and the bias is non-ignorable when the sample
size is relatively small compared to the number of covariates. Second, the estimated hes-
sian matrix can be singular or ill-conditioned in this context, leading to invalid standard
errors. Third, particularly in RC-Logit models, including many covariates can yield a
downward bias in estimating variances of random coefficients due to overfitting. Recall

that random coefficients capture unobserved heterogeneity, so they can be degenerate

2Notably, BLP1995 allows researchers to estimate demand using only macro-level data such as market
shares and demographic distributions. However, incorporating micro-statistics, such as consumers’ second
choices and the average number of kids in a household that purchases a minivan, may significantly reduce
variances of the estimators and tighten substitution patterns (Petrin, 2002; Berry et al., 2004a; Nurski and
Verboven, 2016). See Conlon and Gortmaker (2023, Table 1) for a comprehensive summary of papers using
micro BLP1995 estimators.



when most of the heterogeneity is adequately explained by many covariates. It is also
possible that the included covariates are irrelevant or not sufficient, so the unobserved
heterogeneity continues to exist. Regardless of the covariates, however, overfitting can
mask the random coefficients and suggest using multinomial logit models instead?.

As a solution to overfitting, adding regularization to the objective function can help
select variables simultaneously (and potentially address the singularity issue), but it will
also introduce regularization bias to the estimators and the bias is less understood in RC-
Logit models (cf. high-dimensional linear models). To conduct valid statistical inference,
researchers must first debias their regularized estimators. Note that inference for RC-Logit
models is non-standard due to constraints on parameters related to random coefficients,
for instance, standard deviations must be non-negative. When the true parameters lie on
(or near) the boundary of the parameter space (e.g., 6p = 0in ® = [0, o)), the estimators
are not asymptotically normal in general.

In this paper, I offer solutions to these challenges by integrating the literature of high-
dimensional inference and inference on the boundary. For estimation, I recommend
using the /1-regularized maximum likelihood estimation (RMLE) approach to select high-
dimensional parameters, which remains effective even in the presence of multi-collinearity
and endogeneity. Since the /1-penalty is non-differentiable at zero, algorithms such as
BFGS and Newton-Raphson may fail. To address this, I propose a proximal gradient
descent algorithm that accommodates box constraints. Note that the contraction mapping
in BLP1995 can be implemented together with the algorithm but with extra cost. For
inference, I build on Li (2024) and develop a constrained debiased machine learning
(CDML) estimator, which is constructed from the first-stage RMLE. To prevent potential
overfitting in the RMLE, I implement a K-fold cross-fitting procedure. As an M-estimator
for low-dimensional target parameters, the CDML estimator solves a Neyman orthogonal

score function, subject to constraints such as the non-negativity. I also propose a quasi-

3As demonstrated in my simulation studies, incorporating many individual covariates can yield zero
estimated variances of random coefficients.



likelihood ratio (QLR) test for hypothesis testing whose critical values can be computed
through simulations.

The first contribution of this paper is the derivation of non-asymptotic probability
bounds for RMLE. To the best of my knowledge, this is the first paper that provides non-
asymptotic results for RC-Logit models with high-dimensional covariates. It allows the
number of covariates to increase with the sample size, reflecting the finite-sample-large-
dimension setting, and accounts for the growing number of alternatives, which is crucial
for consistently recovering parameters under endogeneity. Under mild assumptions, I
derive probability bounds for the estimation errors in RMLE. Regardless of the boundary
issue, these bounds indicates a slower convergence rate than the existing high-dimensional
literature due to the increasing number of alternatives.

The second contribution is to supplement the high-dimensional inference literature. I
prove the root-n consistency for the CDML estimator and derive its asymptotic distribu-
tion, where the score function is nonlinear in parameters. Specifically, the distribution is
multivariate Gaussian if the true value of the target parameter is an interior point within
its parameter space, while it is a projection of the multivariate Gaussian onto a polytope
when the true value is on the boundary of its parameter space. Given the orthogonal
structure of the score function, I show that whether the nuisance parameter is on the
parameter space or not does not impact the asymptotic distribution.

The third contribution is the novel idea of conducting inference when a high-dimensional
parameter potentially lie on the boundary. By expanding the squared Euclidean norm
of the Neyman orthogonal score function at the true parameter, it suffices to study the
asymptotic properties of the CDML estimator through a quadratic function, conditioned
on the first-stage estimation. Given the smoothness of the soft-max function in RC-Logit
models, techniques from the literature of boundary inference can be widely applied, as
long as the quality of the first-stage estimation (typically requirement on convergence

rates) is good enough. As a consequence, my framework can be extended to scenarios



when the true parameter is a sequence converging to the boundary, where a uniformly
valid test becomes necessary.

I illustrate the impacts of high dimensions and parameters on the boundary through
comprehensive Monte Carlo simulations. In these simulations, I design an indirect utility
model that interacts product characteristics with individual characteristics, and estimate
the model by MLE, RMLE and CDML under varying sample sizes, dimensions and
number of products. As expected, these methods perform similarly when the dimension
is small. As the dimension increases, MLE suffers from overfitting with biased estimates
and large variances. RMLE is also biased but with the smallest variances among three
methods. Both MLE and RMLE fail to detect random coefficients when the dimension is
large. In contrast, CDML provides valid confidence intervals, especially in the presence
of boundary issues. Additionally, I compare the own-price and cross-price elasticities
calculated based on the estimates from these methods. When the model includes many
covariates, MLE produces a range of estimated elasticities that is nearly twice as large as
the oracle model, making it less informative. RMLE has a consistent bias towards zero
but the range is much tighter than MLE. CDML offers a more balanced trade-off between
bias and variance.

Furthermore, to discover the impact and possibly degenerate random coefficients in
real-world data, I estimate the demand for soft-drink markets in North Carolina and cal-
culate the own- and cross-price elasticities based on the estimates. In addition to the
consumer panel data and the retailer scanner data provided by NielsonlQ, I incorporate
household-level information from two detailed surveys that investigate households’ scien-
tific knowledge, shopping preferences and health conditions. My results indicate that the
estimates of both parameters and elasticities are affected by the inclusion of this additional
information. In baseline models, all three methods (MLE, RMLE and CDML) yield similar
estimates, as expected. However, as the number of parameters increases, the estimates

become quite different, emphasizing the importance of careful variable selection and the



need for debiasing in high-dimensional settings.

Related literature Numerous literature has explored estimation and inference in the
presence of many parameters (e.g., Breiman and Freedman, 1983; Chamberlain and Im-
bens, 2004; Belloni et al., 2014; Ning and Liu, 2017; Chernozhukov et al., 2018; Cattaneo
et al., 2019). There are four papers to which this paper is closely related. Ning and Liu
(2017) consider an inference framework for /1-penalized M-estimation based on decorre-
lated score test statistics. Their framework can be applied to SML and SMM, however,
they only verify their high-level assumptions for the objective functions that are quadratic
in parameters, such as generalized linear models. Thus, it is unclear if their assumptions
hold for RC-Logit models. Chernozhukov et al. (2018) introduce the Neyman orthogonal
score function for general likelihood functions and propose double/debiased machine
learning (DML) estimators, which are asymptotically normal. My CDML estimator is an
extension to the DML estimator that allows for parameters on the boundary. Horowitz
and Nesheim (2021) use penalized maximum likelihood estimation with adaptive LASSO
for variable selection and show that their estimator is oracle efficient. Although adaptive
LASSO can select non-zero parameters with probability one, inference after imperfect
variable selection can be misleading (Belloni et al., 2014). Gillen et al. (2019) propose the
BLP-2LASSO method that selects variables for multiple times to mitigate the imperfec-
tion, however, their first-step selection ignores random coefficients and they do not have
a theoretical proof. None of these papers consider parameters on the boundary, which is
a natural concern with random coefficients.

There is a strand of literature that addresses the issue of parameters on the boundary;,
especially in the context of random coefficient models. For linear random coefficient mod-
els, Hildreth and Houck (1968) suggest a restricted least squares estimator for the variance
of random coefficients, while Hsiao (1975) recommends methods such as generalized least

squares and maximum likelihood estimation. Breusch and Pagan (1979) develop a La-



grangian multiplier test for random coefficients, building on the work of Aitchison and
Silvey (1958). More recently, Ketz (2018, 2019) formally study the inference when (some
of) the variances of random coefficients are zero or close to zero in RC-Logit models.
However, his results rely on the assumption of fixed dimensions and large sample sizes.
Lesellier et al. (2023) test and relax the distributional assumption on random coefficients.
My inference framework builds upon the techniques developed by Andrews (1999, 2001),
and my QLR test can be extended to achieve uniform validity using the techniques in Fan
and Shi (2023).

Note that RC-Logit models are a special case of generalized linear mixed model
(GLMM) associated with categorical distribution and logit link function. The literature
on GLMM:s is extensive, see the review in Tuerlinckx et al. (2006). There are algorithms
for solving GLMM s such as expectation-maximization algorithm (Dempster et al., 1977),
Laplace approximation (Raudenbush et al., 2000), and penalized quasi-likelihood approx-
imation (Breslow and Clayton, 1993). Groll and Tutz (2014) and Schelldorfer et al. (2014)
propose the use of LASSO in GLMMs for variable selection. Hypothesis testing for ran-
dom effects in GLMMs has also been studied, for example, Self and Liang (1987); Stram
and Lee (1994); Verbeke and Molenberghs (2003). However, none of these papers are

tailored to RC-Logit models.

Structure of the paper In Section 2, I briefly review simulated maximum likelihood
estimation and simulated method of moments as traditional approaches, and then in-
troduce regularized maximum likelihood estimation and its properties in the absence of
endogeneity. In Section 3, I adapt the regularized approach for endogenous price in a
BLP-style model. In Section 4, I introduce constrained debiased machine learning estima-
tion and prove its asymptotic properties. In Section 5, I conduct Monte Carlo simulations
to illustrate the effects of high dimensions and parameters on the boundary. In Section 6,

I apply these approaches to estimate the demand in soft-drink markets in North Carolina.



Finally, in Section 7, I summarize this paper.

Notations Iuse the following notations in this paper. For a p-dimensional vector x € R?,

d, := dim(x) is the dimension of x, ||x||1 := Zle |x;| is the [;-norm, ||x|[2 := ,/Z?:l x]? is

the Euclidean norm, and ||x[[c := maxj=1,..p |x;| is the sup-norm. For a p-by-q matrix

A € RPX Al = Zle 2?21 |Aij| and ||Alle = max;=1,. p maXxj=1,. 4 |A;j| are induced

by vector norms. ||A|r := \/Zle Z;’zl |Ajj|? is the Frobenius norm. For both vectors
and matrices, the inequalities (i.e., < and >) and notations O(-), o(), Op(:) and op(-) are
. . . d L 9? . .
element-wise. For a function f(x,y), Tuse Dyf := & f and D3f := 5% f to simplify
notations without ambiguity. For more details about the derivatives, see Section F.1 in

Appendix.

2 High-Dimensional RC-Logit Model

I begin with a brief review of traditional methods for the estimation and inference of
random-coefficient logit models, which serves as a foundation for understanding the
challenges posed by high dimensions and hence motivates the regularized models. Since
the dimension of parameters diverges asymptotically, I establish non-asymptotic proba-
bility bounds for the proposed regularized estimator. Moreover, some algorithms such
as Newton, BFGS and gradient descent may fail due to the non-smooth penalty on pa-
rameters, so I suggest using the proximal gradient descent algorithm instead. For clarity
and intuition, I assume that all data are exogenous in this section, with the discussion on
addressing endogeneity deferred to Section 3.

Suppose that individual i = 1,...,n makes decisions among an outside alternative
j = 0 and ] inside alternatives j = 1,...,]. The binary outcome variable Y;; is equal
to one if individual i derives the highest indirect utility U;; from alternative j, where

the indirect utility has a linear specification U;; = le].H + Ql’.jZi + ¢;j. Here Xjj and Qj;



are independent and identically distributed (i.i.d.) covariates. The term X; represents
the random coefficient capturing the individual heterogeneity, whose distribution may
be either modeled parametrically or estimated non-parametrically. For the purpose of
this paper, I assume that X; = £ © v; where L is a vector of standard deviations and the
taste v; ~ i.i.d. N(0, I3,) with dimension dg is unobservable to researchers. A nature

restriction on X = (Xq,... ,ZdQ)’ is that its components Y1, ...,Y,, are non-negative.

Q
When the idiosyncratic errors ¢;;’s follow a Type I extreme value distribution (also known

as the Gumbel distribution), the individual choice probability, integrated over v;, is given

by

exp(le].H +(Qij O vi)'L)

Si]' = Pr (YIJ =1 | Xi, Qi,'l_[, Z) = / (j)(VOdVi (2.1)

1+ X_, exp(X} T+ (Qix © vi)'L)
where ¢(-) is the probability density function of N(0, I4,), and Ujp = 0 is normalized for
identification purposes.

In this section, the objective is to estimate the parameter 6 := (IT',Z') € © C
R x [0, 00)% when IT is high-dimensional but sparse. Since the dimension dx may
increase with the sample size n, it is appropriate to assume a triangular array of data
(Yij,n, Xijn, Qijn) ~ Pn with the parameter IT,. To ease notation, I omit the subscript n
unless necessary for clarity or when it could lead to ambiguity. Inference for 0, which

may lie on the boundary of the parameter space ©, will be addressed in Section 4.

2.1 Simulated Maximum Likelihood and Method of Moments

When the model is correctly specified, the maximum likelihood estimator (MLE) is
asymptotically normal and efficient under mild conditions, for example, the true pa-
rameter 0y is an interior point in a compact parameter space © (Newey and McFadden,
1994). For the RC-Logit model, the log-likelihood function is expressed as L,;(0) :=

e Z;ZO Yijlogs;j(0). Although the integral in s;;(0) does not have a closed-form solu-

10



tion, it can be numerically approximated using Monte Carlo integration or Gauss-Hermite
quadrature (see Appendix D). Let §;j(0) := B™! ZbB:l sij(0,vip) denote the approximation
of 5;j(0) using B drawnnodes v/ s. Pluggingin §;jp’s, the simulated log-likelihood function
is defined as Lyjg(0) := X1, Z;ZO Yijlog3;jp(0), and the simulated maximum likelihood
(SML) estimator OSML .— arg maxgee LyjB(0) is obtained by maximizing the function. It
is important to note that E,[log 5;j5(0)] # log s;;(0) even if E,[5;;5(0)] = 5,;(0), suggesting
sufficient draws are required to mitigate the approximation error log 5;;p(0) — log s;(0).
As is shown in Train (2002, pp.255), when the dimension dg is fixed, it suffices to
have B — oo to achieve consistency, and Bn1/2 — oo to asymptotically ignore the
approximation error as well as achieve the same limiting distribution as in the MLE.
Namely, \/ﬁ(éSML — 6o) —a N(O, (-E[Hyj(6p)])!) as n — oo, where the hessian matrix
E[H,j(00)] := E[#;Q,Ln](@)] |o=6, should be negative definite.

Instead of using the MLE score function die,Ln 7(0) as the instrument variables Z;;, the
simulated method of moments (SMM) estimator HSMM ¢ @ is the solution to 1! 1 ZLO (Yij—
$ijB(0))Zij = 0 (Train, 2002, pp.276). It sacrifices efficiency but only requires B — oo be-
cause the choice probability s;;(0) enters linearly. It can be shown that, by the central limit

theorem,

J - J
Vi(6SMM—gg) —4 | E Z %Sij(eo)zij N0, Var Z(Yij —5ij(60))Zij| |, n,B— 0
j=1 j=1

and the asymptotic variance is different from (—E[H,,;(69)])~ without ideal instruments.

When the dimension dg = dx + dg is comparable to or greater than the sample size n,
there are four concerns on the estimators 5™ and 65MM, First, both estimators may be
biased under finite sample sizes, even if dg < n is fixed. Traditional proofs relying on the
law of large numbers or the central limit theorem require either dg < nisfixed ordg = o(n).

Second, the sample analogs used to construct test statistics or confidence intervals, such

as #;Q,Ln](éSML) and d‘é,n‘l i 2 sij(éSMM)Zij, may be ill-conditioned. Moreover, they

11



may not be consistently estimated given the bias from the estimators. Third, both methods
are prone to overfitting when the dimension dx is large, potentially masking the presence
of the random coefficients with zero estimates of ", while the predicted market shares
may still match the data very well. Finally, in practice the data covariates X;; and Q;; may
exhibit multi-collinearity that can inflate variances, especially when dealing with dummy

variables.

2.2 Regularized Maximum Likelihood Estimation

A natural solution to addressing high-dimensionality and overfitting is to perform vari-
able selection according to their importance, by adding a penalty term into the objective
function. Given that the number of drawn nodes B is selected by researchers, I simplify
the analysis by assuming that s;;(0) is known (or can be approximated arbitrarily well)
for all 6 € ©. The simplification eliminates the need to account for the approximation
errors and allows us to focus on the regularization without loss of generality. I suggest

the regularized maximum likelihood estimator (RMLE) as follows:

GRMLE . argmin —L,;(0) + P,,(0) (2.2)
0cO

where P, (0) > 0 is a known penalty function with a pre-determined tuning parameter
Ay > 0. Theliterature has intensively studied various penalties and criteria for selecting the
tuning parameter. For instance, in ridge regression (Hoerl and Kennard, 1970) the penalty
is Py, = Ay ||6||% = Ay Zgil 62, and in the least absolute shrinkage and selection operator
(LASSO, Tibshirani, 1996), itis P, = A,[|0]|1 = Ay, Zgil |04]. The tuning parameter A, can
be chosen using information criteria or K-fold cross-validations (see Appendix C. There
are many variants of LASSOs designed for different contexts. For example, the adaptive

LASSO (Zou, 2006; Horowitz and Nesheim, 2021), the generalized LASSO (Tibshirani and
Taylor, 2011) and the (sparse) group LASSO (Yuan and Lin, 2006; Meier et al., 2008; Babii

12



et al., 2022).

In this paper, I focus on the LASSO and let P, ,(6) = A, ||0]|1, which has demonstrated
its strength in consistent estimation (e.g., Bickel et al., 2009) and variable selection (e.g.,
?). Note that ORMLE jp Eq.(2.2) is a regularized M-estimator (Negahban et al., 2012).
The other decomposable regularizers such as the weighted LASSO and the group LASSO
should also work effectively. Consistent with much of the LASSO literature, I allow the
dimension dg — oo sub-exponentially fast as n — oo, but need to assume that the true
parameters are sparse. Specifically, let S, :={d =1,...,dg | 00,4 # 0}, and its cardinality
Sn = |Su| is known as the exact sparsity of 6y. I assume that s, is much smaller than n. The
following Assumption 1-3 suffice to derive an probability bound on ||éRMLE — 6|1 and

[OFMEE — 2.

Assumption 1 (Score Condition). Assume that the true parameter 6y = (IT),Z}) € © C
R x [0, 00)% is the unique maximizer of E [Z§=1 Yijlog si]-(Qo)] such that %E[Ln](eg)] =
E % Z;zl Yijlogsij(6o)| = 0.

Assumption 1 posits the interchangeability of the derivative % and the expectation E[-]
over the data. Additionally, it assumes that the true parameter 0y € © can be identified
through the population score function. These conditions are standard and mild in the
context of RC-Logit models. Importantly, the assumption does not exclude the possibility

that some true parameters may lie on the boundary of ©.

Assumption 2 (Local Convexity). Suppose that —L,;(0) is locally convex in a neighborhood of
0o € ©. In addition, with probability at least 1 — a,, for some constants a,, — 0, the first-order

approximation error
d ’ >
—Ln](e() + A) + Ln](e()) + ELH](GO) A > nKL”A”z for all AeC

where C := {A € R% | Yjese 1Ajl < 3 Xjes, |Ajl} is a convex cone and x> 0 is a universal

constant.
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Assumption 2, known as the restricted strong convexity condition, assumes sufficient
curvature in the neighborhood of 0y, particularly in the convex cone C where the lasso
estimation error resides (Lemma 1 in Negahban et al., 2012). Intuitively, a larger curvature
k1, implies a steeper gradient around 0y, and the estimation error should decrease in x;..
It can be regarded as the non-linear version of the restricted eigenvalue condition in the
LASSO literature (Bickel et al., 2009). In general, —L,,j(0) is neither globally concave nor
convex due to the integral and the soft-max function. In fact, it can be even completely
flat in certain directions at Oy € ©® when dg > n (Figure 3 in Negahban et al., 2012). Since
the neighborhood is unknown, in practice, researchers often try multiple starting points

or restrict the parameter space to ensure the numerical convergence of algorithms.

Assumption 3 (Bounded Data and Shares). The data covariates Y; = (Yio,...,Yi), Xi =

(X’

Hre e ,le])’and Qi=(Ql, -, QZ’.])’ arei.i.d. random vectorsacrossi = 1,...,n. Inaddition,

assume that X; € [~Caata, Cdatal™®, Qi € [~Cdata, Cdata]™@ and minj—g, . j 5i(60) > Cs] 1 > 0

for some finite and universal constants Cga40, Cs > 0.

To derive the probability bounds for GRMLE — g, another sufficient condition is that the
score vector concentrates in the sup-norm with high probability, formally, || %Ln 7(60)lco
pn with probability approaching one. Notice that % log sj(6o) = si_jl(Gg)%sﬁ(Qo), and the
choice probability s;;(6p) can be arbitrarily close to zero if the number of alternatives | is
large enough, suggesting that the derivative is unbounded. When there is no endogeneity,
a small-J-and-large-n setting may suffice as 0y can be directly* estimated. However, in the
presence of endogeneity, a large | is necessary as will be shown in Section 3. By Lemma
1, Assumption 3 is a sufficient condition to derive the rate p,. I assume that all choice

probabilities converge to zero at the same rate O(J~!) as | — oo (cf., Berry et al., 2004b).

*What I meant directly here is that we can estimate 6y simultaneously through MLE without using
contraction mapping or IV regressions.

14
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Lemma 1. Given Assumption 1, for any ¢ > 4C; LCaata,

H__Ln](QO) < CPn

) and therate p, = J\/n=11og dp.

with probability greater than 1-b,, = 1-2 exp (
This implies ||11‘1%L,1](60)||oo = Op(Jy/n~1log de).

The proof of Lemma 1 is derived by leveraging the bound ||%sij(60)||Oo < 2C4atq and
then applying the McDiarmid’s inequality. However, since both Cg,¢, and Cy 1 can be
large, the sup-norm of the score vector may also become large unless the sample size n
is sufficiently large. The following Theorem 1 shows that the rate p, = | m also

serves as the rate for the estimation errors.

Theorem 1 (I1/I>-Error Bounds). Suppose that Assumption 1-3 hold. If A, > 2np,,, then with

probability at least 1 — a,, — by,

A 3\/ A
1084 — gl < VTR g GRLE gy, < 20
L

where s, is the number of non-zero elements in the vector 0.

The proof of Theorem 1 refers to the Corollary 1 in Negahban et al. (2012) but adapts
to a random design. When the number of alternatives ] = O(1) is stochastically bounded,
the rate | \/m from Lemma 1 aligns with the common rate \/m for
linear models in the LASSO literature. The rate suggests that the dimension dgy can
grow at most sub-exponentially with the sample size, i.e., O(exp(n")) for some constant
r € (0,1). When | — oo, the rate slows down due to the diverging term si_jl(Go) = O(J])
in the score vector. Although the probability bounds in the theorem are not tight, the

éRMLE

regularized estimator is expected to have a non-parametric rate of convergence

when the dimension dg — oo is too high or the number of alternatives ] — oo is too large.
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éRMLE

As a consequence, inference based on vn( — 0p) can be improper without further

adjustments (Armstrong et al., 2023).

2.3 Algorithm

Because of the integration over the random coefficients, the RC-Logit models are intensive
and unstable in computation, which limits their application to a small number of covari-
ates. Although the integral in Eq.(2.1) has no closed-form solution, its approximation has
been developed in the literature, trading off accuracy and computational efficiency. For
instance, researchers can approximate the integral using Laplace approximation, Gauss-
Hermite quadrature, or quasi Monte Carlo integration with low-discrepancy sequences.
Specifically, the Gauss-Hermite quadrature is precise and efficient in computation, yet it
suffers from the curse of dimensionality of the random coefficients. Conversely, the Monte
Carlo integration is widely implemented when there are many potentially related random
coefficients, but it requires more simulation draws to achieve sufficient accuracy. Table
D.1 summarizes these methods, and a more detailed review can be found in Tuerlinckx
et al. (2006) and Conlon and Gortmaker (2020).

Orthogonal to the numerical integration, another challenge arises from the non-
differentiability of the /1-penalty P, (0) = Zgil Ay |04 at the origin. That is, d|0]/d0 =1
if x > 0and = -1 if x < 0, but it is undefined at x = 0. This is fine when the true value
Oy is strictly away from 0. However, such non-zero assumption contradicts the sparsity
condition in high-dimensional settings and fails when the variances lie on the boundary.
In my numerical experiments, popular algorithms such as BFGS and (conjugate) gradient
descent still tend to converge when the dimension dg is small. Nevertheless, their min-
imizers often contain tiny non-zeros (< 107*) instead of exact zeros. When dj is large,
most algorithms are prone to get trapped in local minima, stopping too early or oscillating
between points.

In Algorithm 1, I propose the proximal gradient descent method to solve ORMLE ¢ @
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with box constraints ® = ® [6”’ 0u?] and numerical integration §;;p(0) = B! Zle 5ij(0,vip).

d’~d

Algorithm 1 Proximal Gradient Descent Algorithm for RC-Logit

1. Choose an initial 6© = (6(0), el 6(?)’ € O, an initial step-size tinit > 0, a shrinking
rate p € (0,1), and a penalty A, > 0;

2. Forh=1,2,...,start with t = tjnjt

(a) Calculate the proximal mapping 0 := Prox?*(0"-V, A, t), where the d-th
coordinate is defined as

oub if p(0,d,t) € [0F,, 00)

(0,d,t)—tA, if@(0,d,t)e [mn, 0%
[Prox?*(6, Ay, 1)] =10 if (6,d,t) € [~tA,, tAy)  (2.3)

@(6,d,t)+tA, if (0,d,t) € [0, —tA,)

Gzib otherwise

and ¢(0,d,t) := 04 + ta%dLn]B(Q);

(b) Verity the criterion of line search

Ly d i i
~Luys (9‘h>) < —Lujg (9<h 1>) - = Luy(0 V)0 — 9D)
1 I T, (2.4)
+ E”G( ) — o=

(c) If (b) fails, shrink t < pt and go back to (a);

3. Repeat Step 2 until convergence, and ORMLE i the final 6

Since the unpenalized objective function L,,jg(0) is smooth, by the Taylor’s expansion,

d
LujB(0) = LyjB(60) + ——=

1
5 Lny(00)(0 = 00) = 110 = 6oll3 (25)

for some t > 0. Some algebra shows that ORMLE can be approximateds by the solution

5For some smooth function g(60), let G be its gradient at 8y. The second-order Taylor’s expansion at 9y is
g(60) + G'(6 — 6p) + % (6 — 6p) (6 — 6p) by assuming the hessian is %I . Clearly, the first term is a constant.
Now we expand »[|6p — tG — 0||?, which is G'(6 — 6p) + % (0 — 60)'(0 — 6) + 5G’G, and the last term is also
a constant.
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to mingee 51|60 + t 25 Lay5(60) — 013 + A,116]|1, whose sub-gradient optimality condition
implies the proximal mapping Prox?°*(0y, A4, t) in Eq.(2.3). As a type of soft-thresholding
operators, the proximal mapping truncates large values and forces smaller ones to be
zero, depending on the penalty size A,, the step size t, and the imposed box constraints.
While the gradient —%Ln 78(0) indicates the direction of the steepest descent, selecting an
improper t can still lead to slow convergence or even divergence. In the algorithm, ¢ is
chosen as the largest t* such that —L,p(-) decreases after the update 0 « P roxbx(6,A,, 1),
through a procedure known as backtracking line search. Lemma 2 shows that Algorithm 1

can achieve a convergence rate of O(h 1), which is typical for gradient descent algorithms.

Lemma 2. Let {0 : h = 0,1, ...} be a sequence of updates in Algorithm 1 such that Ly (-) is

concave at 0, and 0* be the unique minimum of —L,j(0) + A,||O||1. Then,

J\/nlog doll6© — 67|13
h

p

Laa(0M) + A, 10W ||y = Lus(0%) = An]|07]11 <

where the right-hand side goes to zero as h — oo.

The proof of Lemma 2 follows a standard approach by verifying the Lipschitz condition
for the sup-norm ||%Ln 18(0)]|e for every 0 € © and finite n. The result is intuitive: the
optimization becomes more challenging as the number of parameters increases and the
approximation in Eq.(2.5) is worsen. The concavity assumption can be relaxed, for exam-
ple, using the techniques in Li and Lin (2015). As with many /1-regularized problems, the
algorithm can be improved using accelerated proximal gradient (e.g., Beck and Teboulle,
2009) and/or (block) coordinate descent techniques (e.g., Friedman et al., 2007; Beck and
Tetruashvili, 2013), achieving faster convergence rates or having excellent performance in
practice (e.g., glmnet package in R). However, we do not apply these methods here for
two reasons. First, compared to the accelerated methods, the proximal gradient descent is
more stable with simulation errors and performs adequately in my context. Second, while

the gradient has an explicit form, it is still costly to calculate, especially it must be updated
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for each coordinate in coordinate gradient descent methods. Similarly, I do not consider
proximal newton methods. The complexity of calculating a full gradient vector and a
full hessian matrix is O(dgnJ?S) and O(dén J3S), respectively. In practice, it is strongly
recommended to provide the algorithm solver with the analytical gradient (and hessian),
which can be found in Appendix F.1.

Finally, it is worth noting that the RC-Logit model in Eq.(2.1) can be viewed as a
special case of generalized linear mixed models (GLMMs) with categorical outcomes
and Gaussian random coefficients. In addition to the aforementioned techniques, the
penalized® quasi-likelihood method (PQL, Breslow and Clayton, 1993) is computationally
efficient and widely implemented in GLMMs. This method takes advantages of the
concavity of the log-likelihood function in the exponential family. As high-dimensional
extensions of PQL, Groll and Tutz (2014) and Schelldorfer et al. (2014) suggest using
LASSO to select variables. However, PQL relies on the Laplace approximation and has
been found to be biased when the variance is large or the mean is small (Bolker et al.,
2009). Itis still unclear whether PQL can approximate the soft-max function nicely, which

I leave for future research.

3 Modeling Endogeneity

In this section, I consider a specification of RC-Logit model which is of interest in the
literature of industrial organizations. Extending the single-market model in Section 2, I

now assume that there are t = 1, ..., T markets. In each market ¢, the individual i € 7;

61t is called “penalized” because there is a quadratic term b’D b of the random coefficients b (but not the
variance covariance matrix D) in the approximated likelihood function, which solves b as an intermediate
parameter and then estimate its variance.
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chooses the alternative j € J; if the indirect utility U;j; > Uy for k € J;, where

ui]'t = (3]'15 + Wijt + Eijt,  Eijr ~ i.i.d. TypeIEV
djt = B+ X/,p* + Pjra + &jt

Hijt = (X]'t ® Li)IH + (X]'t © Vi)lZ, vi ~1.1.d. N(O, IdQ)

The term 6;; represents the choice-specific utility from alternative j in market ¢, which
is a linear function of observable characteristics Xj;, price Pj; and unobserved quality &
(i.e., unobservable to researchers). I assume that Xj; is independent of &;; while Pj; and
&jr are correlated. The term u;j; captures the individual-level utility, which depends on
observable individual characteristics L; and unobservable individual tastes v;. For the
identification purpose, let 6o; and pjo; be equal to zero so Ujo; = €jor. The individual

choice probability can be derived as

sijt(0¢, 1, Z) == Pr (Yijy = 1| X4, Li; 64,11, X)

B / exp (6]'t + (X]'t Q L;)TI+ (X]'t © VZ')'Z)
1+ Ykeq exp 0k + (Xt ® Li)TT + (X © vi)' L)

d(vi)dv;

where 0y = (01¢,...,0j+) and X; = (X{ s X;tt)’.

The goalis to consistently estimate 0 := (ﬁ , ,Bx', a; 1T, XY, whereIlis a high-dimensional
parameter. As is discussed in Section 2, the challenges associated with high-dimensional
IT apply here as well, such as the difficulty in detecting ¥ due to overfitting. To illus-
trate this, first consider an experimental setting that X;; and Pj; are freely manipulated
by the researcher, and there is no endogeneity ¢;; = 0. In this case, the identification of
«a is straightforward: the researcher can vary the price and compare the market shares
before and after the change. * can be similarly identified since Xj; is common to all
individuals in market ¢, while the identifying power is impaired by the high dimensions.

Ideally, IT can be identified by comparing the decisions made by different groups of in-

dividuals (grouped by their demographics L;) when they face varying characteristics Xj;.
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The standard deviation X can be identified if the researcher can observe different choices
made by individuals with the same demographics L;. But when the dimension of L; is
large and the number of individuals n; is relatively small, it becomes difficult to group
individuals with similar L’s. When there exists endogeneity such that ¢ # 0, Pj; and &
change together so a is not identifiable without instrument variables. However, 6;; can
be uniquely determined by matching the market shares and the predicted shares for any
given (IT, X’)" according to BLP1995. In this case, the overfitting in ITand X may introduce
bias in recovering 6;¢, and hence bias in estimating , B* and «.

When individual-level data are available, the 6;;’s can be estimated as parameters
using SML or SMM (Goolsbee and Petrin, 2004; Train and Winston, 2007), such that the
predicted market share §;; = ARSI 1 si,-t(é, I, i) matches the observed market share
s]‘.it”t“ for each alternative j and market t. If the total number of products | := Zthl | |
across T markets is small relatively to the total number of individuals N := Zthl |Z;|, that

is, ] = o(N), then we can simultaneously estimate 0, IT and X using RMLE as follows:

(6RMLE [IRMLE $RMLE) . arg min —Lyj7(0) + P, (0)
£>0,11,6

T
—argmin— > > 3" Yij log siji(84, I, ) + A, (I, =)' |
x>0,IT,6 t=1 icl; jeJ;
(3.1)
Note that the parameter 6 is not penalized because it is generally non-sparse. The prop-

erties of RMLE have been discussed in the previous section. The following Assumption 4

and 5 are adapted from Assumption 1-3 to account for multiple markets.
4

Assumption 4. Suppose that 0y = (57, [T}, ()" € R is a unique maximizer of E [LnyT(60)] =
E Zthl Yier, ijeg; Yijtlog si]-t(E)o)] and the score condition

d : o d
%E [LN]T(QQ)] =E Z Z Z Yijtsij}(QO)%Sijt(QO) =0

t=1 iel; jeJ;
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holds. In addition, for every markett =1,...,T,

1. the random vectors L; € [~Cgata, Cdata]®™ and Xit € [-Cuaata, Ciata]®™ have bounded

support forall i € 7; and j € J;;
2. L/’sareii.d. across i € U Jy;

3. let J; := |J¢| and minje g 5:(60) = CS]t‘1 > 0 for a universal constant Cs € (0, 1)

Assumption 5. Suppose that —Lnjr(0) is locally convex in a neighborhood of 6y € ©. In

addition, with probability at least 1 — aj,, the first-order approximation error

d
—Lnj1(60 + A) + LynyT(00) + (d@

LN]T(QQ)) A > NKL”A”z fOT’ all AeC

where N = Zthl |I;| is the total number of individuals, C := {A € R% | jese 1Al <

3> = |Aj|} is a convex cone and x> 0 is a universal constant.

Having multiple markets can increase variation in the characteristics X;; and the price Py,
which aids the estimation of (8, ¥ a). Moreover, the sup-norm of the score || %L NJT(60)] o0

is of the order max;=1,..T maxjey; s 1(69) = O(max; J;) rather than O(3, J;). These tworates

ijt
are equivalent when T < oo is fixed (i.e., a few large markets, each with many alternatives),
but the former is smaller when | < oo is fixed (i.e., many small markets, each with a few

alternatives). As a corollary of Lemma 1 and Theorem 1, Corollary 1 derives the rate of

the sup-norm as well as the /1- and l,-norm of the estimation error.

Corollary 1. Suppose that Assumption 4 holds. Then, for any ¢ > 4C;1C2

4210 With probability

greater than 1 — b;, =1 —2exp ((1 - ;é;sf )log d@),

LnjT(60)|| < cpn

o

[00]
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where pny = max; Ji\/N~1logdg. This implies ||N‘1%LN]T(60)||OO = Op(max; J;4/N-1logdp).

In addition, given Assumption 5 and choose Ay > 2N pn, then

KSNAN
NKL

3 SNAN

|ORMLE — 04|12 < and || ORMEE — 0|, <

with probability at least 1 — a;, — b;,, where sy is the number of non-zero elements in 0.

To illustrate the benefit of having multiple markets, consider the scenario that the
dimension is low (i.e., sy = dg = O(1)) and the markets are similar (i.e., J; = O(J) for every
t). In this scenario, the I,-norm is shrinking when J; = o(N 1/2) by Corollary 1, which is a
weaker condition compared to J; = o(T~'N'/2) by Theorem 1.

Algorithm 1 can be applied to Eq.(3.1) without extra costs. Notably, dividing a huge
market with N = nT individuals and | = jT alternatives into T smaller markets with |7;| =
n and |J;| = j can significantly reduce computational complexity. In this configuration,
the complexity of calculating the gradient vector %LN j7(60) decreases from O(T3dgnj?) to
O(Tdgnj?), and the complexity of calculating the hessian matrix #;Q,LN]T(Q) decreases
from O(T4dén]3) to O(Tdénj3).

The contraction mapping in BLP1995 can also assist in estimating ORMLE byt it comes
with additional costs. Their paper demonstrates that, for any pair of parameters I1
and X, the parameter 6;; = 6jt(1—I, L) can be obtained by solving the equation s]”.it”t“ =
sjt(6(I1T, £), I, X) with an implicit function 6(-). Their proof holds as long as ITand X are

finite-dimensional, even if the dimensions are growing. As a result, another version of

RMLE is given by

T
(FRMELE, SRMLE) — argmin— 3" %" %" Vi log sije(5.4(TT, T), T, T) + A, | (T, 'Y |
L2011 =1 ez,
BN/
(3.2)

where 0j = 6;;(I1, X) is solved via contraction mapping. Compared with Eq.(3.1), the
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sparsity assumption on ONL .= (IT, ') (known as the nonlinear parameters) is more

plausible since 6 is not treated as a parameter. However, since 6 is a function of IT and

6.4(ON)

¥, the gradient de”%sijt(é.t(GNL), ONL) = Cié%sijt(é.t, ONL) + %Si]‘t(&t, GNL)deNL

needs to be computed by the chain rule. This requires additionally solving the derivative

d QNL 6.t(6NL) by the implicit function theorem:

d d g
mé-t (dé S]t(étle )) dQNLS]t(ét’G )

which brings extra complexity to both the proof and the computation. Since the contraction
mapping requires high precision and the numerical gradient of s;;;(0N") is not feasible

when ONL |

is high-dimensional, it is unclear whether solving Eq.(3.2) is more efficient than
solving Eq.(3.1).
Once the choice-specific utilities 6;;’s are estimated by 5 it’s, the parameters (8, B*', @)’

can be identified using instrument variables Z = (Zjt);e t=1,..,r such that E[&;; | Zj;] =

0 (Train, 2009). The literature has extensively studied the choice and construction of
instrument variables as well as the efficient estimation of parameters (see discussions in

Nevo, 2000b; Conlon and Gortmaker, 2020). For instance, the two-stage least squares

(25LS) estimator is given by

-1

~ T R

BB, Z 3 Zp, X0 Py | Y Zib (3.3)
t=1 jed t=1 je g

where the number of instrument variables is equal to 2 + dx. Eq.(3.3) offers insights into

how the bias  — 6 := (3]-t — Ojt)jeg t=1,...,1 affects the estimation. Since 0;; = E + X]ftﬁx +

.....
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Pjra + &jt, then

B B T T
=] B (=2 22X P | D) D)z
t=1 jeJ; t=1jedi
4 a , (3.4)
T o
Y Zp@ xy P | (DD Zi6s - o)
t=1 jeJ; t=1 jegi

suggesting that the 2SLS estimators are \/J-consistent if J-127 (3 —0) =op(1).
A key interest in the literature is the estimation of own- and cross-price elasticities,
which are defined as below:

Pit
it pre _ |'syi

07Pkt St

/asijt(l - Sijt)fy([-ii~t | H, Z)dyi.t ifj =k
_? fasiktSz’jtfy({Ji-t | TT, Z)du;.¢ otherwise
kt
Given the individual-level data (with equal weights in my setting) and the estimated

parameters, the elasticities given a price py; can be approximated by the sample average

over individuals:

Pjt ~ ~ o
A ; asiir (1= 35ijt) p(vi)dv; ifj=k
d5i1(0) pi ) 2ies, fgijt¢(vi)dVi Zier / v ( Ut) Pl ! (3.5)
P (0) '
Pkt s(6) -5 fgpktqb(v - Yier [ aSiSijp(vi)dvi otherwise
ier; | Sike@(Vi)av;

exp (S/t +(Xjf ®L,‘)'ﬁ+(th @V,’)'i)

where §;j; = is the predicted individual choice probability

N

1+ ke exp(Skt+(ka®Li)’ﬁ+(th@Vi)’Z)
conditioning on the taste v;.
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4 Constrained Debiased Machine Learning

Recall thatin Section 2 and 3, I discuss the challenges in estimating © when the parameter I'l
is high-dimensional, and prove the consistency of my regularized estimator @RMLE under
mild assumptions. In this section, I partition the parameter 6 := ()", n},)" € ® into a low-
dimensional vector y € I', which represents the target parameter, and a high-dimensional”
vector Ny € Ny, which represents the nuisance parameter. I assume that the parameter
space © can be decomposed as I' X Ny, where I' and Ny are compact sets for any finite
sample size N. Then, I conduct inference for the target parameter y by constructing a VN-
consistent estimator 7, allowing both y € I'and gy € Ny to potentially lie on the boundary
of their parameter spaces. As an example, let y := (IT;, X’)" consist of the first element
of IT (e.g., the effect of income) and the whole X (e.g., the heterogeneity on soft-drink
flavors). In this case, I' := [-C, C] x [0, C) for some large number C > 0. Theoretically,
my results also apply to the case y := (8',Ty,2') € T := [-C, C]%*! x [0, C)?, when 6 is
low-dimensional.

The idea is to construct a Neyman orthogonal score function based on the score func-
tion of the MLE, which can partial out the first-order bias in the estimation of nuisance
parameters (Ning and Liu, 2017; Chernozhukov et al., 2018; Kennedy, 2023). Li (2024) pro-
poses a framework called constrained debiased machine learning (CDML), which extends
the debiased machine learning (Chernozhukov et al., 2018) to allow for constraints on
parameters. Let Lyj(y,nn) == 2N, ZLO Yijlogsij(y,nn) denote the log-likelihood func-
tion where s;i(y,1n) is the choice probability integrated over v;. The generalization to
multiple markets is straightforward so T = 1 is assumed for simplicity. Then, the Neyman

orthogonal score function for Lyj(), nn) is given by

1 0 1 Jd
Mnj(y; 0N, UN) = EELN](V/UN) - NHN&]_NLN](V)UN) (4.1)

7Although 0 is also high-dimensional, I only add subscript N to 1 (and p later) to highlight their
dimensions are growing as N — oo.
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where uy is a dy-by-d,, de-correlation matrix that will be introduced later. The score
condition of MLE E[%LN](VO,UN,O)] = 0, for example, in Assumptions 1 or 4, implies

E[Mn;(y0; 1N ,0, tt)] = O for any p. Thus, a naive DML estimator 7PME

, conditioning on
the first-stage machine learning (e.g., LASSO) estimators fjy and iy, can be defined as the
solution to Mnj(y;fin, fin) = 0. Itis ideal if iy = nn,0 and [iy = pn 0, but the estimator
tend to overfit the noise due to over-parameterization, which may cause additional bias.
To mitigate the risk of overfitting in 7 and [in, it is recommended?® to implement the
technique known as K-fold cross-fitting from the machine learning literature. Formally, the
procedure is introduced as below.

For some natural number K € N, consider a partitionIy, ..., Ix of theindices {1,...,N}
and define I_y := {1, ..., N}\I. For simplicity, assume that the size of I, . . ., Ix are equal
to [N/K]. Let L%}(@) = Dier, ZLO Yijlogsij(y, nn) denote the testing-data log-likelihood
associated with the individuals indexed by Iy and Lg\?]k )(6) = Diel, ZLO Yijlogsii(y,n)

denote the training-data log-likelihood from individuals indexed by I_x. Then, for each

k=1,...,K:
1. Solve the first-stage regularized estimator éfMLE based on the training data

K-1

A ~ A . —k
9]I<€MLE _ (yII(%MLE RMLE) .~ arg min L%,])(Q) n

i AnlIO]l:
0e®

2. Solve the d,-by-d;, de-correlation matrix ﬁﬁleLE as a dantzig selector (Candes and

Tao, 2007)

~ - S=k)y F(-k ~=k)yr
ARMLE = argmin [|uelly - such that (|(f, )50 = wiy ™ lleo <an (42)

LL(—k)(éRMLE) is

where ay — 0 is a tuning parameter and the hessian matrix 75Ly;

8]t is not necessary to implement cross-fitting using LASSO in high-dimensional linear models, for
example, see Ning and Liu (2017) and Li (2024). However, cross-fitting may be useful in non-linear models.
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partitioned into four blocks corresponding to the partition of 0, denoted as

2(=k) (k)
] ] ]( k) ._ d L( k)(QRMLE)
](k) ](k> T do N Nk

If ],7,7 is invertible and not ill-conditioned, then yRMLE ( ],gnk)) -1 Jon jioR),

The larger K € N is, the more individuals are included in each training set I_x. In practice,
K is typically chosen to be 5 or 10, using 80% or 90% of data to estimate LASSO for each
k, respectively. To understand the selector in Eq.(4.2), let f;kl) and py 1 be the first rows of
f)(;)k) and uy, respectively. We can always write f)(;}kl) = ‘uk,lf,g,_]k) + €1 as a linear projection

7t 7(=k)

with the 1-by-d,, projection error €1, and the constraint implies ||/,,""€1]|cc < an. When

the dimension d, is small, we can estimate uy 1 by the least squares. When d,,,, is large,

there is no unique exact solution to f)(;] = Uk,1 ﬁ(mk)

as f,(];k) can be singular, and Eq.(4.2)
finds the approximate solution with the minimal /;-norm. In this section, the true value
un,o is defined as E[a o ,LN](QO)] 1E[(9 o -Lnj(60)] by assuming the first expectation is
non-singular. Chernozhukov et al. (2018) also shows that Eq.(4.1) satisfies the Neyman

near-orthogonal condition if uy o := argmin ||u||; such that

<an

92 o2 ’
H |9 on L (QO)l (EL?W’?’LN’ (QO)] _“Elﬁnf?n’LN] (60)1)

According to Li (2024), the CDML estimator “PML given the first-stage estimates

[©e]

{ ARMLE ARMLENK

Nk BNy Yrep, is defined as

)')CDML = arg min Myx(y; A RMLE, MﬁMLE) Mnx(y; f RMLE, yﬁMLE
yel
1 & 4 2 (4.3)
— : (~,.ARMLE ARMLE
= ar%gun I Z N—/K Z mi(y; NNk 7HN K
k=1 iely 2

where m;(y;n, u) = ZLO Yij (% logsij(y,n) — ‘u% log sii(y, 17)) is the orthogonal score
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function for individual i (cf. Eq.(3.5.) in Chernozhukov et al., 2018). To shorten notation,
let Mn(y) = Mnjk(y; ﬁﬁMLE, ﬁﬁMLE). In fact, ﬁCDML is a method of moment estimator
while the solution to My()) = 0 may be infeasible due to the constraints in I'. Hopefully,
the objective function is well-defined even for y ¢ I' such that the derivative % ||MN()/)||%
at yp € I' can be taken from any directions, which makes the problem easier to analyze (cf.
Andrews, 1999; Ketz, 2018). For the rest of this section, I will prove that (i) 77CD ML 5 Y0
is consistent; (i) VN (P PML — y4) —; N(0,V) if yo is an interior point of I'; and (iii)
VN ($CPML _ 1,0) converges to the projection of a multivariate normal distribution onto a
polytope if yg is a boundary point of I'.

Consider the second-order Taylor’s expansion of ||MN]K(7/)||§ at 9. Some algebraic

works show that

1 -1
M5 = IMN(o)ll5 - ED)/”MN(VO)”% [D2IMNGo3] T Dy IMn(ro)ll3

) (4.4)
= 5 IVOYN( = 0)) + R (7, 70)
where Rn(y, 70) is the remainder term and
Dy IMn ()3 :=2 [Dy Mn(y)] Mn(y)
dy
D2IMn()II3 :=2 [Dy Mn ()] Dy M () +2 ) My, i(y)D3Mn j(y) s
=1 4.5

-1 ’
an () 1= = (x + [D2IMyG)IE] ™ NY2D, My () lZ) D2IMN (o)l

-1
(x + [D3IIMn(yo)ll3] Nl/sz'HMN()/o)H%)

Here My ; is the j-th coordinate of the vector M. On the right-hand side of Eq.(4.4), only
the quadratic function gn(-) and the remainder Rn(y, y0) depend on y. If the remainder is
sufficiently small in the neighborhood of yg and the estimator “PML —,, 4 is consistent,
it is equivalent to study the asymptotic properties of —%q N(VN(y =y0)) and |M N3

According to Andrews (1999, Lemma 1), the following Assumption 6 guarantees that

29



Rn(y, y0) is asymptotic negligible, which is mild as M (y) is a smooth function of y.

Assumption 6. For any cy — O,

sup [|D2IMy ()13 = D2IMN o) 3] = 0p(1)
v€0,(cN)

where Oy (cn) :={y € Oy : [ly = yoll2 < en}-

Given Assumption 6, it suffices to show the convergence of the vector Dyf||MN(y)||%
and the matrix D)Z/ ||MN()/)||§ by the definitions in Eq.(4.5). Under some regularity condi-
tions, it is expected that Mnjk(y0; 1n,0, in,0) —p 0 and Dy Mnjk(y0;11N,0, UN,0) =P Qum
for some symmetric and non-singular matrix Qp by the law of large numbers, and
NV ZMN]K()/O; nN,0, UN,0) —a N(0,Zp) for some variance-covariance matrix Xy by the
central limit theorem. The term DJ%M NJK,j(Y0; 1IN0, piN,0) is tricky, however, it is asymptot-

ically negligible as long as its rate is slower than VN. Then, by the Slutsky’s theorem,

N'2D, |Mn(yo)lI2 = 2 [ Dy Mk (yo; 1,0, tin,0) | NY2Mijk(v0; 18,0, 1N 0)

—4 2QMN (0, Xum) 16

D;Z/HMN(VO)”% = 2 [Dy My (y0; IN,0, iN,0) | Dy MNjk (Y03 1IN 0, 1N ,0) + 0p(1)

as N — oco. Although fjy is shown to be “consistent” in the previous sections, its rate
is slower than VN due to the high dimensions, so that VN(fiy — 1y o) diverges. We
need to additionally shows that VN Mnyx(yo; ﬁﬁlMLE , ﬁﬁMLE ) is a good approximation of
VN My 1x(Y0; N0, 1N 0) (and also their partial derivatives with respect to y) when fjy g is

close to 1y 0. Formally, it suffices to prove that

VN||Mnjk(yo; ARMEE ARMEEY — M1k (yo; 1,0, tiv,0)ll2 = op(1) 47

~RMLE ~RMLE
N

|D,» MNjk (Yo; AN = Dy Mgk (Yo n,0, un,0) Il = op(1)
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In Theorem 2, I will show that both Eq.(4.6) and Eq.(4.7) hold given the following As-

sumptions 7 and 8.

Assumption 7 (Assumptions for Approximations). Let {An, N, 'N,u} -, be sequences of

constants such that An, 1y,N, 7y, N — 0as N — oo. Suppose that the following conditions hold:

1. The data covariates are all bounded by a universal constant Cy,¢, > 0 that does not

depend on N;

2. With probability greater than 1-Ay;, the nuisance estimators )y x € TZZ and [iy k € Tﬁ
belong to some nuisance realization sets TZ?, ={n:ln-nnolVin-nnoll2 <N} C

Ny and TIS ={u:lu—pnollt £run} C R¥dny | respectively;
3. Forany ny € TI:’I, minj,...; sij(yo,nn) = Cs] 7Y

4. un o is a sparse matrix such that ||un oll1 = su,n for a sequence of constants s,y =

o(VN).

Conditions 1 and 3 in Assumption 7, adapted from Assumption 3, are sufficient to bound
the sup-norm ||%LN](90)||00. Combined with Condition 4, ||Mn()0)||- is also bounded.
I refer to the proofs on K-fold cross-fitting in Chernozhukov et al. (2018), and derive the

ARMLE ARMLE
USN;

rate for Mnjk(y; Sy )—Mnk(Y0; NN 0, Un,0) by assuming Condition 2. The rates

rp,N and 7, N rely on the machine learning method applied in the first-stage estimation.
For example, in the case of LASSO, the rate N = JsuNnVYN -1 log dg is given by Theorem
1.

Assumption 8 (Assumptions for LLN and CLT). N~1/2(1 + s, n)] = o(1) and
I\lllglo Var(mi(yo;Nn,0, UN,0)) = Zm
for some positive definite matrix L.
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Assumption 8 is a regularity condition for the Lindeberg-Feller central limit theorem.

Theorem 2 (Approximation and Convergence). Under Assumption 7,

VN || Mk (yo; ARMEE, GRMLEY — M1k (yo; v 0, tin,0) 2

= Op(J2(L + suN)rpN + TN + VN1 + Su,N)TyN + W}Zrlern,N)
1Dy Mnyx (yo; A, ARMEEY — Doy Mgk (yo; iv,0, in,0)lle

=Op (]3(1 + 8NN + [P TuN + ]Srq,Nry,N)

ID3 Mgk j(yo; in0, uN0)llE = Op(P(1 +sun))  foranyy =1,...,d,

Furthermore, if Assumption 8 holds, then

NY2Mnik(yo; v 0, in,0) —a N(0, Zar)

Dy MNjk(Y0; 1IN0, 4N ,0) —p Qm

where

J 2 o~
; ((9 5 -Insij(yo, 1n0) — HNOanay,lnSZJ(VOIT]NO)

Theorem 2 establishes both the rates of approximation and the limiting distributions.
It imposes restrictions on the sparsity s, n, the number of alternatives |, and the quality
of machine learning algorithms reflected in r, y and r,n. In the case of LASSO, if we

assume that the sparsity of parameters satisfies s, n V s, ny = O(1), then the qualify of
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approximation is guaranteed when

(1 1
"N =0 B A N1/4J3/2

r 0 1 )
wN =07
A (4.8)

1
T NTuN =0 Nl/Z}Z)
]3

\/—N = 0(1)

Furthermore, if we assume that | is small compared to N (e.g., ] = log N), the conditions

-1/4

in Eq.(4.8) holds if r; x and 7, n are smaller than N™/%, which is achievable for various

machine learning algorithms and nonparametric methods.

Assumption 9. Suppose that T is a non-empty compact subset of R, yo € T is the unique solution

to E[Mnjx(y;1nnN,0, in,0)] = 0 and SUP, ,cp Max; sl.‘].l(y,nN,o) = O(Jlog N) almost surely. In
addition, assume s, N = O(1) and the rates in Eq.(4.8).

Assumption 9 provides sufficient conditions for the uniform law of large numbers
(ULLN) to prove PML —, 14, In addition to the conditions for identification and
approximation’, I assume that sup, . max; sl._].l(y, 1nn,0) may diverge (slightly faster than
the rate at y = y9) but the divergence is not too fast. As a crucial condition in the ULLN,

sup || Mnyx (7; ANMEE, BRMERY IS = IIEIMNgk (75 v 0, v, 0)1115] = op(1) (4.9)

yer

may fail if sl.‘].l(y, nN,0) can be arbitrarily large for fixed . Since the term sl."].l()/, NN ,0)
comes from the MLE score function % Ins;j(y, nn,0), and the score can be regarded as the
efficient instrument (see Section 2), 9 can be interpreted as a boundedness condition on the

instrument. For example, the Assumption A4 in Berry et al. (2004b) require the instrument

*The rate on s, y can be relaxed, as long as the approximation in Theorem 2 is good. Iassumes,, v = O(1)
for simplicity.
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variables to be Op(v/]), which is equivalent to SUP, ,cp MaX; si‘jl(y, nN,0) = (1+su,n) V] in
my setting.
Theorem 3 below proves the consistency of 7¢PML and then Theorem 4 derives the

limiting distribution for VN (JCPML — ),

Theorem 3 (Consistency). Given Assumption 7 and 9, PPML —p y4as N — oo.

Theorem 4 (Limiting Distribution). Suppose that Assumptions 6, 7, 8 and 9 hold. Moreover,

assume that Qp<Y, | is positive-(semi)definite. Then, as N — oo,

W(,};CDML _ 7/0) — 4 ')7 = argmin ”E + N(OI VM)”%)M
EeT(yo)
where I'(yy) is a convex cone locally equal™ to T — yo, Vs := (Qum Q;\/I)_lgMZM Q;\/I(QMQ;\/I)_l’

and the (semi-)norm ||y |lq,, = /y’Qm€2),y. Moreover,

M (o) =N (IMng(PEPME ARMEE, GRMLEN — || My k(s ARMEE, ARMLE) )

—4— ?lQMQ;\/ﬂ;

When 1y is an interior point of I',  follows the distribution N(0, V) which aligns
with the DML literature. The variance-covariance matrix Vj consists of two components:
Xm and Qy. Here, X is the population variance-covariance matrix for m;(yo; n,0, UN,0),

and hence, a simple estimator is the variance-covariance matrix averaged over K:

K
< 1 1 ACDML. ARMLE A~ARMLEN,,,/(8CDML. ARMLE A~ARMLE
Im :=—Z—Zmi(y Ny g miP e i)
K k=1 N/K i€ ] , ’ ,
= 1 k

~ACDML., ARMLE A~RMLE ’ ACDML, ARMLE ~RMLE
= Mk (D=7 iy My DA i)

Recall the definition of Qs in Theorem 2, then the estimator QM can be constructed based

10]f a vector b is in a parameter space B, then B — b = {x — b | x € B} is the shifted parameter space, and
0 € B—b. We say a convex cone A is locally equal to B — b if A N Ball(0, €) = B N Ball(0, €) for some € > 0.

34



on J:
1 (—k) (—k)
A _ (= ARMLE 7(—
QM—K; vy ~HNx Ty

Note that Qs is not necessarily symmetric, especially under cross-fittings. Although the
distribution of —7’CQ€2},7 does not have an explicit form for general I'(yo) C R, its
quantile C(a, y0) can be simulated given the estimators QO and £a1. In most scenarios,
I'(y0) can be written as the product space of (-0, ), (=0, 0] and [0, ), so ¥ is the
projection onto a convex set and can be easily solved numerically by convex cone quadratic
programming. Depending on the setting, sometimes ¥ may have a closed-form solution.

See the following two examples.

Example 1. If the standard deviation is the only target parameter, then y = X € [0, ).
As a result, the convex cone I'(yg) = (—o0, o) if the true value Zy > 0, and I'(yp) = [0, )
if the true value Ly = 0. As a result,  ~; N(0, V) in the former case while 7 ~y4

max{0, —N (0, Vi)} in the latter case.

Example 2. Suppose that there is only one random coefficient and its true value is on
the boundary. Let y = (a’,Z) = (a’,0), the projection j is explicit by verifying the
Karush-Kuhn-Tucker (KKT) condition. Suppose that the projection has the form

/

~ . EOK + ba A B éa + ba
7 = argmin
&x>0 &y + by C D &x + by

where (b, by) follows the multivariate normal distribution N(0, Vjs). Then, it can be

derived that

o —3A7Y(C" + B)by — by, 0) if (2D — 3(C + B))A™Y(C’ + B)) by > 0
(7/&/ VZ) =
(=by, —by) otherwise

where jy is a mixture of a degenerate distribution at zero and a normal distribution, and
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Va 1s a mixture of normal distributions.

In addition, Theorem 4 implies that M,, (o) can be regarded as a quasi-likelihood ratio
statistic, whose critical values can be obtained from simulations. Iintroduce the procedure

in Algorithm 2.

Algorithm 2 QLR Test with Simulated Critical Values

1. Given a null hypothesis Hy : y9 = b, solve the convex cone I'();

2. Estimate the CDML variance \A/M and the matrix Q M;

3. Draw a sequence of vectors x1,...,xp ~ i.i.d. N(0, Idy)), then solve

y; = argmin

2
‘A for i=1,...,B
Eer(b)

Qum

‘E + ‘7]34/23@

4. Solve Ci(b) := —7/QmQY,, Fifori=1,...,B;

5. The a-quantile of C;(b), denoted by én,B(a, b), is the critical value for the QLR test
at the level a.

5 Simulation

5.1 Settings

In this section, I illustrate the effects of high dimensions and parameters on the boundary
by Monte Carlo simulations. Consider the following model of indirect utility for individual

i choosing alternative j in market ¢:

Uijt = 0jt + Wijt + €ijt
Ojt = B+ X\p* + Pjra =1+ 2Xjt — 2Py,

wijt = (Xt ® L)TI + (Xjt © v =(1,0,0,..., 0)(Xjt ® Li) + Xjv;i
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where 6o; = pior = 0 for every t = 1,...,T. The exogenous variable Xj; is a scalar
that follows i.i.d. N(0,1) truncated by the interval [-3,3]. There is only one random
coefficient with standard deviation X which is equal to either 0 (on the boundary) or
1 (off the boundary). Many questions are true-or-false or categorical in survey data,
and researchers construct dummy variables carefully to avoid of multi-collinearity. To
mimic the scenario, I partition the dr-dimensional random vector L; into a vector L; ,ormal
of length |d;/10], which follows N(0, I ) truncated by —3 and 3, and another vector
Li pernouni of length dp — [dr/10], where each element follows Bernoulli(0.5). The error
term ¢;; ~ i.i.d. Gumbel(0, 1) has mean 0.577 and variance 1.645. Since the issues of high
dimensions and parameters on the boundary enter the model separate from endogeneity,
I assume that the price Pj; ~ i.i.d. U[0, 1] is exogenous for simplicity.

I consider T = 10 markets where each market has equally n; consumers making
decisions among variously J; € {3,5,7} alternatives and one outside option (j = 0). Let n;
be 100 (small-sample) and 200 (large-sample), the total number of consumers N = }, n; is
equal to 1,000 and 2,000, respectively. The total number of alternatives | = }}; J; is between
40 and 80, including the outside options. I choose dimensions d;, € {1, 96,196,296} such
that the total number of parameters dg € {5,100,200,300}. Given the single random
coefficient, Gauss-Hermite quadrature is more precise and efficient in computation than
quasi Monte Carlo integration (see Appendix D). I set B = 20 nodes to mitigate the
approximation error from numerical integration, aligning with Train (2000) and Conlon
and Gortmaker (2020). In simulations, I find that larger B is preferred for CDML to be
numerically stable because CDML is built upon the gradient containing sl."].l(-).

I compare three methods in 500 simulations: the traditional MLE (denoted as MLE
later), the regularized MLE (RMLE) in Eq.(2.2), the CDML estimator (CDML) in Eq.(4.3)

with the sample analog iR*MLE. Both MLE and RMLE estimate all parameters 0 =

To account for endogeneity, we can consider the designin Lu et al. (2023) and let Pj; = Qj; +&jt +€j;, where
Qjt ~ N(0,1) is the exogenous cost shifter, £;; ~ N(0, 0.5?) is the unobserved quality, and €jr ~N(0, 0.1%)is
the cost shock. Ileave this for future research.
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(B ,B*, a, 1T, L) simultaneously, while CDML only debias the target parameter y = (E ,B5, a1, ).
The first-stage estimates in CDMLs are obtained through 5-fold cross-fitting to utilize more
samples in each fold. The choice of the tuning parameter Ay in RMLE and CDMLs is

based on 5-fold cross-validations (see Appendix C).

5.2 Estimation

Table 5.1 summarizes the statistics for the estimators when the true parameter X =1 €
[0, 00) is off the boundary. The first column displays the total dimensions, and the second
column indicates the estimation methods. The next five columns report the average biases
across 500 simulations for five parameters, respective, while the last five columns present
the square root of the mean square errors (RMSE). Starting with the upper panel, where
the sample size N = 1,000 is small, all three methods perform similarly well when the
dimension dg = 5 is low. RMLE shows slight biases towards zero in estimating I'ly and
L. When dg = 100, MLE has the smallest bias but the largest RMSE in estimating *.
As the dimension increases to dg = 200, RMLE and CDML show their robustness to
dimensions and yield similar results to those for dg = 100. MLE suffers from overfitting
in terms of severe downward biases in estimating X. Although MLE still has the smallest
bias in estimating ¥, it exhibits large variances reflected in the RMSE. In contrast, RMLE
estimates are biased but have smaller variances. CDMLs have moderate biases and RMSEs
across parameters. Similar conclusions can be derived when dg = 300. The lower panel,
where the sample size is increased to N = 2,000, reveals similar conclusions. All biases
and RMSESs decreases as expected, suggesting convergence of the estimators. MLE is now
able to detect non-zero X when dg = 300, but it is still outperformed by RMLE and CDMLs.

Similar to Table 5.1, Table 5.2 reports the biases and RMSEs when the parameter . = 0 €
[0, 00) is on the boundary. Interestingly, inability to detect the random coefficient appears
to be an advantage in this case. When the dimension dg = 5 is low, the estimators from

four methods are comparable. When dg = 200, MLE estimates X with perfect precision,
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Table 5.1: Bias and RMSE of Target Parameter Estimates (Off Boundary)

Bias RMSE
B* o I by B p* a I r

N =1000
5 MLE 0.006 0.013 -0.014 0.009 -0.001 0.145 0.142 0.210 0.109 0.173
RMLE 0.008 -0.027 0.005 -0.048 -0.042 0.145 0.138 0.207 0.112 0.172
CDML 0.006 0.012 -0.014 0.009 -0.002 0.145 0.142 0.210 0.108 0.172

dg  Method

100 MLE 0.005 -0.002 -0.001 0.005 -0.277 0.148 0.845 0.201 0.112 0.336
RMLE 0.011 -0.106 0.052 -0.157 -0.118 0.147 0.180 0.205 0.185 0.204
CDML -0.002 0.159 -0.084 0.095 0.289 0.167 0.659 0.283 0.218 0.561

200 MLE 0.023 -0.089 0.002 -0.003 -0.932 0.160 1.353 0.201 0.117 1.015
RMLE 0.015 -0.119 0.046 -0.181 -0.131 0.154 0.186 0.197 0.202 0.215
CDML 0.006 0.105 -0.079 0.060 0.200 0.165 0.575 0.258 0.161 0.434

300 MLE 0.037 0.109 -0.094 0.127 -1.407 0.163 2.049 0.242 0.193 1.409
RMLE 0.019 -0.133 0.052 -0.190 -0.160 0.145 0.194 0.204 0.209 0.237
CDML 0.005 0.088 -0.075 0.069 0.193 0.157 0.533 0.269 0.183 0.459

N = 2000
5 MLE 0.002 0.002 0.008 0.000 -0.008 0.109 0.103 0.145 0.073 0.115
RMLE 0.002 -0.026 0.022 -0.040 -0.037 0.108 0.103 0.145 0.081 0.119
CDML 0.002 0.002 0.007 0.000 -0.009 0.109 0.103 0.145 0.073 0.115

100 MLE 0.002 0.017 0.002 0.001 -0.135 0.097 0.580 0.140 0.075 0.182
RMLE 0.006 -0.076 0.040 -0.110 -0.091 0.096 0.134 0.143 0.131 0.147
CDML -0.007 0.129 -0.054 0.061 0.187 0.113 0.548 0.195 0.141 0.378

200 MLE 0.004 0.023 0.006 -0.001 -0.301 0.111 0906 0.146 0.075 0.332
RMLE  0.007 -0.086 0.048 -0.127 -0.105 0.109 0.131 0.150 0.144 0.156
CDML -0.004 0.128 -0.061 0.064 0.195 0.125 0.600 0.215 0.151 0.416

300 MLE 0.0056 -0.086 0.013 0.000 -0.542 0.106 1.095 0.143 0.080 0.591
RMLE  0.005 -0.092 0.050 -0.132 -0.116 0.103 0.138 0.148 0.148 0.171
CDML -0.006 0.079 -0.055 0.065 0.186 0.118 0.557 0.199 0.159 0.416

Notes: In the first column dg, the natural numbers show the total dimension of the parameter 6 =
(B, B*,a,IT", LY. The second column reports three methods of estimation in our simulation study: the
maximum likelihood estimation (MLE), the regularized MLE (RMLE), and the constrained debiased ma-

chine learning (CDML). Columns 3 to 7 indicate the average biases %25521(@](.5) — 0j,0) of five estimators
over S = 500 Monte Carlo simulations. The last five columns report the square root of mean square errors

(RMSE) \/ 3 Zle(éj(s) — 0),0)? for the estimators.
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Table 5.2: Bias and RMSE of Target Parameter Estimates (On Boundary)

Bias RMSE
p x o I 2 p ﬁx a I L

N =1000
5 MLE 0.004 0.036 -0.032 0.016 0.163 0.137 0.111 0.194 0.081 0.263
RMLE  0.005 0.006 -0.017 -0.021 0.139 0.136 0.100 0.189 0.080 0.235
CDML 0.004 0.033 -0.030 0.015 0.159 0.137 0.109 0.193 0.081 0.251

dg  Method

100 MLE -0.002 0.217 -0.088 0.088 0.001 0.160 0.782 0.228 0.129 0.020
RMLE  0.004 -0.039 0.028 -0.087 0.073 0.148 0.119 0.192 0.116 0.164
CDML 0.004 0.115 -0.045 0.059 0.055 0.168 0.682 0.269 0.223 0.204

200 MLE 0.003 0.482 -0.246 0.210 0.000 0.193 1.464 0365 0.241 0.000
RMLE 0.007 -0.044 0.010 -0.102 0.072 0.153 0.124 0.186 0.127 0.164
CDML 0.008 0.090 -0.049 0.037 0.028 0.165 0.557 0.241 0.179 0.135

300 MLE 0.004 0.909 -0.378 0.411 0.000 0229 2328 0.506 0.451 0.000
RMLE  0.011 -0.058 0.022 -0.109 0.059 0.142 0.130 0.179 0.132 0.148
CDML 0.011 0.044 -0.020 0.020 0.015 0.146 0.358 0.199 0.123 0.080

N =2000
5 MLE 0.001 0.020 -0.004 0.009 0.138 0.105 0.074 0.134 0.057 0.216
RMLE  0.001 -0.001 0.006 -0.017 0.116 0.105 0.068 0.133 0.057 0.193
CDML 0.002 0.018 -0.003 0.008 0.133 0.105 0.073 0.134 0.057 0.205

100 MLE 0.000 0.107 -0.044 0.036 0.008 0.105 0.506 0.147 0.071 0.049
RMLE  0.002 -0.030 0.021 -0.068 0.061 0.099 0.089 0.129 0.088 0.136
CDML 0.004 0.073 -0.043 0.031 0.074 0.113 0.508 0.215 0.131 0.230

200 MLE 0.001 0.265 -0.107 0.085 0.000 0.116 0.779 0.197 0.110 0.000
RMLE 0.004 -0.036 0.014 -0.072 0.053 0.101 0.088 0.140 0.088 0.124
CDML 0.010 0.109 -0.060 0.047 0.027 0.132 0591 0.225 0.166 0.120

300 MLE -0.002 0.409 -0.158 0.144 0.000 0.128 1.133 0.236 0.164 0.000
RMLE 0.001 -0.045 0.019 -0.076 0.044 0.100 0.091 0.130 0.091 0.113
CDML 0.004 0.088 -0.049 0.043 0.016 0.112 0.535 0.196 0.140 0.092

Notes: In the first column dg, the natural numbers show the total dimension of the parameter 6 =
(B,B*,a,IT", L) and the brackets report the dimension-sample ratio dg/N. The second column reports
four methods of estimation in our simulation study: the maximum likelihood estimation (MLE), the reg-
ularized MLE (RMLE), the constrained debiased machine learning (CDML) and the CDML with Dantzig

selector (CDML-D). Columns 3 to 7 indicate the average biases %Zfﬂ(é}s) — 0j0) of five estimators over
S = 500 Monte Carlo simulations. The last five columns report the square root of mean square errors (RMSE)

\/ : Zle(é](.s) - 0),0)? for the estimators.
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which is by coincidence. However, it is more biased in estimating other parameters except
for the intercept . In contrast, RMLE and CDML show some biases in estimating . but

outperforms MLE in the other parameters, and their performance remains when dg = 300.

5.3 Inference

Statistical inference for the target parameters is also of interest. Table 5.3 presents the
frequencies of coverage and the median'? lengths of the 95% confidence intervals (CI) for
the target parameters across three methods when = 1 € [0, ). Note that I calculate
the standard errors for RMLE in the same way as those in MLE, as the penalty term is
shrinking after dividing by N, in order to show the consequence of misusing the standard
errors. In the small-sample and small-dimensional setting with N = 1,000 and dg = 5,
three methods yield similar CI coverages that are close to 95%. When dg = 100, MLE
still has nice coverage of Cls except for the parameter L. Inference based on RMLE is
invalid due to the regularization bias in the estimation. CDMLs have good coverages for
all parameters, which dominates MLE and RMLE. As the dimension increases to dg = 200,
CDMLs surpass both MLE and RMLE. Particularly, CDML has smallest CI length for the
parameter f* with the best CI coverage. When dg = 300, MLE has almost zero coverage
of CIs for X, while CDML still provide valid CIs. When the sample size increases to
N = 2,000, MLE is greatly improved but still unable to cover X.

Table 5.4 reports the coverage rates and lengths when ¥ = 0 is on the boundary.
Notably, the 95% CI for X is constructed based on the critical region of a one-sided t-test
(Hp : £ = 0 versus Hy : £ > 0) at the 5% significance level, so the length of CI is 1.64
times the estimated standard error. The results show that CDMLs provide around 95%
coverages for © when dg = 200 and dg = 300, whereas both MLE and RMLE have 100%

coverage due to coincidence. Instead of adjusting the standard errors due to the boundary

2] report the median to mitigate the influence of the extreme estimates, which can arise in small sample
sizes.
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Table 5.3: Coverage and Length of 95% Confidence Intervals (Off Boundary)

95% CI Coverage (%) 95% CI Length (Median)
dg Method —— -
g B a IL X B B* o I by
N = 1000
5 MLE 96.0 948 942 94.0 932 0.570 0.538 0.761 0.404 0.318
RMLE 960 938 944 910 93.0 0.566 0.524 0.754 0.387 0.311
CDML 960 948 942 936 93.0 0.569 0.538 0.758 0.404 0.317

100 MLE 938 928 950 942 59.6 0.565 3.285 0.748 0.405 0.383
RMLE 944 100 942 66.2 98.0 0.568 3.404 0.777 0.404 0.479
CDML 946 91.0 96.6 98.0 972 0.596 1.938 0901 0.624 0.734

200 MLE 924 90.2 938 90.8 11.0 0.559 4.333 0.751 0.387 0.426
RMLE 916 100 88.8 51.6 99.8 0.547 4.722 0.704 0.326 1.040
CDML 934 934 96.2 972 97.6 0.587 1.622 0.876 0.559 0.587

300 MLE 926 852 892 734 0.6 0572 5918 0.772 0.418 0.284
RMLE 950 100 91.6 50.0 100 0.558 6.266 0.706 0.390 3.750
CDML 95.0 908 956 98.0 972 0.593 1.573 0.878 0.587 0.626

N = 2000
5 MLE 940 950 94.0 95.0 954 0.399 0.383 0.540 0.286 0.223
RMLE 942 926 936 888 944 0.398 0.376 0.537 0.276 0.219
CDML 938 94.6 942 948 956 0.399 0.383 0.541 0.286 0.223

100 MLE 96.2 950 954 934 77.0 0400 2223 0545 0.285 0.224
RMLE 962 100 942 638 93.8 0.398 2214 0.542 0.274 0.256
CDML 970 924 974 982 99.2 0.418 1.579 0.633 0.409 0.486

200 MLE 93.6 92.0 94.0 93.0 304 0.399 3.120 0.538 0.284 0.227
RMLE 950 100 93.6 59.8 97.6 0402 3.212 0.559 0.290 0.336
CDML 954 924 970 988 994 0418 1579 0.636 0.414 0478

300 MLE 93.8 90.6 940 918 3.6 0401 3.799 0.539 0.285 0.246
RMLE 946 100 94.0 754 100 0.407 4.106 0.588 0.334 0.554
CDML 946 91.8 962 982 974 0418 1.423 0.630 0.409 0.457

Notes: In the first column dg, the natural numbers show the total dimension of the parameter 6 =
(B,B%,a,T1’, LY. The second column reports three methods of estimation in our simulation study: the
maximum likelihood estimation (MLE), the regularized MLE (RMLE), and the constrained debiased ma-
chine learning (CDML). The 95% confidence intervals (CI) are constructed by the estimators plus and minus
1.96 multiplied by the estimated standard errors. The percentages are the counts that the true parameter is
covered by the estimated CI divided by 500 (total number of simulations). The length of 95% Cl is calculated
as 3.92 multiplied by the estimated standard errors. To mitigate the influence of extreme estimates due to
the small sample sizes, the median length is reported instead of the mean.
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Table 5.4: Coverage and Length of 95% Confidence Intervals (On Boundary)

95% CI Coverage (%) 95% CI Length (Median)
dg  Method - -
p B a 1Ih z B B* o I, T
N =1000
5 MLE 954 932 948 95.6 80.6 0.552 0.385 0.712 0.308 0.609
RMLE 954 948 956 934 83.8 0.552 0.362 0.706 0.300 0.591
CDML 954 93.0 948 954 75.0 0.554 0.375 0.714 0.306 0.296

100 MLE 93.0 926 912 83.0 100 0.560 2792 0.742 0.341 0.352
RMLE 942 100 934 81.0 980 0.553 2.641 0.723 0.313 0.608
CDML 934 954 950 968 86.2 0563 1.734 0.772 0.388 0.025

200 MLE 88.2 908 702 48.0 100 0577 4.768 0.785 0.413 0.253
RMLE 938 100 94.6 81.4 100.0 0.554 4.133 0.725 0.342 0.526
CDML 926 960 926 958 884 0.555 1.366 0.747 0.392 0.026

300 MLE 84.0 88.0 54.6 19.0 100 0.610 7.360 0.852 0.520 0.211
RMLE 970 100 952 842 100 0.561 5.606 0.742 0375 0.494
CDML 96.0 950 952 96.0 922 0562 1252 0.753 0.418 0.028

N = 2000
5 MLE 944 954 944 952 822 0.387 0.271 0.508 0.216 0.507
RMLE 944 954 944 938 852 0.386 0.258 0.504 0.212 0.498
CDML 944 954 946 950 784 0389 0.262 0.510 0.215 0.271

100 MLE 952 936 922 892 994 0.392 1.829 0.509 0.225 0.338
RMLE 958 100 950 762 96.0 0390 1.786 0.506 0.215 0.497
CDML 950 950 954 964 834 0396 1482 0543 0.262 0.028

200 MLE 912 93.0 826 70.0 100 0397 2773 0520 0.241 0.241
RMLE 954 100 942 79.2 982 0.391 2630 0.510 0.222 0.470
CDML 944 978 936 988 89.6 0399 1.633 0.554 0.292 0.033

300 MLE 89.6 904 738 442 100 0.407 3.761 0.542 0.266 0.198
RMLE 956 100 954 764 99.8 0.395 3414 0512 0.232 0.446
CDML 948 974 964 962 91.0 0404 1.632 0.565 0.322 0.030

Notes: In the first column dg, the natural numbers show the total dimension of the parameter 6 =
(ﬁ, B*, a,II',L). The second column reports three methods of estimation in our simulation study: the
maximum likelihood estimation (MLE), the regularized MLE (RMLE), and the constrained debiased ma-
chine learning (CDML). The 95% confidence intervals (CI) are constructed by the estimators plus and minus
1.96 multiplied by the estimated standard errors except for £, which is on the boundary. The 95% CI for

is constructed as [ﬁ —1.64SE(X), ﬁ], similar to a one-sided t-test. The percentages are the counts that the
true parameter is covered by the estimated CI divided by 500 (total number of simulations). The length of

95% Cl is calculated as 3.92 multiplied by the estimated standard errors, except for X which is 1.64SE(X).
To mitigate the influence of extreme estimates due to the small sample sizes, the median length is reported
instead of the mean. 43



(see Example 2 in Section 4), the CIs for the unconstrained parameters are constructed as
if they follow an asymptotic normal distribution. The table illustrates that both MLE and

RMLE suffer from the increasing dimensions to which CDMLs are robust.

5.4 Price Elasticities

Finally, I calculate the own-price and cross-price elasticities defined in Eq.(3.5), referring
to the procedure in Lesellier et al. (2023): simulate 500 datasets, estimate the coefficients
for four methods, solve the own-price elasticity for the alternative j* = 1 in the market
t =1 and the cross-price elasticity for the alternative j = 2 with respect to the price p;-. I
calculate the elasticities at an equally spaced grid of p;- from [-2,2] for the 500 datasets,
and then summarize the mean, the 2.5% and 97.5% quantiles of the elasticities over the
simulations in Figures 5.1, A.1, A.2 and A.3.

Figure 5.1 illustrates the price elasticities when N = 1,000, ] = 30 and X = 1 (off the
boundary). The upper three panels display the own-price elasticities and the lower three
panels show the cross-price elasticities, where the dimension dg is 14, 204 and 304, re-
spectively. The black solid lines represent the average elasticities given the true parameter
0o, with the shaded areas indicating the 95% confidence intervals. The other solid lines
correspond to the average estimated elasticities for the four methods, and the dashed lines
represent the 2.5% and 97.5% quantiles for each method. In the low-dimensional case
with dg = 14 (i.e., the first column), all four methods provide similar means and quan-
tiles for the estimated elasticities. The own-price elasticities are overestimated with the
means greater than the true value, and the cross-price elasticities are estimated precisely.
When dg increases to 204, differences between the methods become more pronounced.
For the own-price elasticities, MLE has the closest mean to the true value, but with the
largest variance. RMLE has the smallest variance but suffers from a significant upward
bias. CDMLs also exhibit larger variances than the true value, though CDML-Dantzig

performs slightly better than CDML in this regard. For the cross-price elasticity, CDMLs
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outperform MLE and RMLE, where MLE shows too much variance and RMLE shows
too little. In the high dimension with dg = 304, MLE becomes less informative for both
elasticities with its CIs nearly double the length of the true CIs. RMLE is robust to the
increasing dimension but continues to be biased towards zero. CDMLSs remain robust to
the dimension, showing less bias than RMLE and smaller variances than MLE. Figures
A.1, A.2 and A.3 suggest similar conclusions when the large sample size N = 2,000 and /or

Y. = 0 is on the boundary.

6 Application

To demonstrate the effect of high-dimensional individual covariates and possibly diluted
random coefficients, I estimate the demand for soft drinks in North Carolina in the year
2011 and calculate the own- and cross-price elasticities based on the estimates, using the

micro-level datasets provided by NielsonlQ.

6.1 Data

Comprehensive marketing datasets, such as the NielsenlQ Consumer Panel dataset and
the Retailer Scanner dataset, are accessible upon requests through the Kilts Center at the
Chicago Booth School of Business. The consumer panels consist of representative’® and
qualified households (40,000-60,000 every year) that continuously report their personal
purchases using in-home scanners. As an example, in the panel year 2011, there were
62,092 households recorded in the consumer panel whose family sizes are depicted in
Figure 6.1, where

approximately 25.5% of households comprise only one member and 42.3% of house-
holds comprise two. The retailer scanner data include weekly pricing, volume and store

environments from over 90 participating retail chains with 35,000-50,000 participating

13The active panelists are projectable to the total United States using household projection factors, accord-
ing to the Kilts Center website.
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Figure 6.1: Household Sizes in the 2011 Consumer Panels
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stores. These two datasets provide researchers with valuable information, for example, (i)
household demographic variables (e.g., income, family size, age, composition and living
conditions), (ii) geographic variables related to households and stores (zip codes, region,
etc.) and (iii) product characteristics (e.g., description, brand, pack size, flavor for food
products). Moreover, each household is assigned a unique household ID (HHID) and each
product is identified by a universal product code (UPC), enabling researchers to track the
information on what products were purchased, when, and where.

In addition to the Consumer Panel, NielsonlQ offers two complementary survey datasets:
Annual Ailments, Health, and Wellness Survey (Ailment Survey) and Custom Panel View Sur-
veys (Custom Survey). The ailment survey, started in 2011 and is updated annually, provides
detailed information on panelists” health conditions covering heartburn, muscle pain, di-
abetes, cancer, heart disease, obesity, and other ailments. All household members aged
thirteen and older are asked to report their experiences with thirty-four different ailments.
For each selected ailment, the respondent is required to provide details on the timeline

of diagnosis, the treatment (e.g., medications and/or exercises), and their most recent
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experience with the condition. The survey also includes the enrollment of health insur-
ance and related health activities. The custom survey is available in the panel year 2008
and 2011. Each household member participating in the survey is asked about the age,
gender, highest educational level (and their major if applicable), current employment,
(sub-)occupation, categories of products the member has purchased or used, scientific
questions corresponding to the categories (e.g., ingredient), attitude towards price, brand
(store brands versus national brands) and quality as well as the role within the household.

Since all the four datasets are available only in 2011, I focus on the panel year 2011 to
include individual information as much as possible. Importantly, both the ailment survey
and the custom survey collect responses at the individual level via questionnaires, so they
cannot be directly merged with the consumer panels. I provide my strategy of merging in
Appendix B.

Although the datasets cover most states in the U.S., focusing on a single state not only
simplifies the computation but also the choice of the instrumental variables. Following
the literature (Allcott et al., 2019; Conlon and Gortmaker, 2023), I use contemporaneous
prices in the states that are adjacent to the North Carolina (i.e., Virginia, Tennessee, and
South Carolina) as a Hausman (1996)-type instrument for prices. Moreover, restricting the
analysis to a small region helps define the markets clearly and ensures that most inside
options are available to all consumers. In the 2011 Consumer Panel, 2,246 households were
from North Carolina while 1,179 of them completed both surveys with full information. It
is possible that some households never consider purchasing soft drinks, and hence, are not
in the soft-drink market. Therefore, I further restrict the sample to 1,136 households who
had purchased soft drinks at least once in 2011 and regard them as in-market consumers.

By matching the HHIDs with the UPCs, 1,693 varieties of soft drinks (including diet
drinks but excluding juice and fruit drinks) were sold during approximate 230,000 visits
to NielsonlQ retailers. These soft drinks differed in brands, sizes, flavors and containers.

However, it is unrealistic to assume that households have full access to and rationally
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compare all these numerous products before selecting the best one. In addition, Assump-
tion 9 may fail in this context due to the tiny choice probabilities. To address these issues
and provide reliable results, I calculate the market shares and retain only the top twenty
brands by sales. Specifically, I classify different sizes of the same product (e.g., Regular
Coke in 24 cans and 6 cans) as the same brand, while different varieties (e.g., Regular Coke,
Diet Coke, and Caffeine Free Coke) are considered distinct brands. The remaining brands
are grouped as outside options. The market shares s;; are calculated quarterly for each
quarter t = 1,...,4 of the panel year 2011. For each ¢, sj; is equal to the total ounces of
brand j purchased divided by the total ounces purchased in the market. There are eighty
inside alternatives over the year with four outside options. The minimum market share
min; ; sj; was approximately 1%, and the maximum market share max;; s;; was about
13%. I also find that the top brands are widely recognized, and believe that they were

tully accessible to the in-market consumers.

6.2 Model

The following model is used to analyze the markets of soft drinks. For each market
(quarter)t =1, ..., 4 and the market-specific twenty alternatives j = 1, .. ., 20, the indirect

utility of a household i =1, ..., n; in the market is defined as

ui]'t = 6]'t + Wijt + Eijt, Eijr ~ i.i.d. Type  EV
6]'t = ﬁ_ + Diet]-tﬁx + P]'tO( + Ejt
uijt = (Dietj; ® L)TI+ (Dietj; 0 v;))L, v;~i.i.d. N(0,1)
where Dietj; = 1 if the soft drink j in market ¢ is diet and Dietj; = 0 otherwise. Pj; is
the price per ounce. I normalize the outside options U;p; = 0 and introduce plentiful

household-level characteristics in L;. There are two settings for L; representing varying

levels of household detail:
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° L?”“ is a vector of 8 variables related to households’ income, age, size, and race;

. Lf”, in addition to L?**¢, includes 674 variables related to the households’ composi-

tion, scientific knowledge of daily products, and preferences on prices and brands.

For each setting, I estimate six models and compare the coefficients. I first assume exoge-
nous price (so &j; = 0) and estimate all parameters simultaneously with MLE, RMLE and
CDML*. Next, I assume endogeneity (so &j; # 0), estimate the mean utility 6;; as well as
the nonlinear parameters IT and . Then I use two-stage least squares (25LS) to recover
the linear parameters f, B* and a. Particularly, given that (6j;); has a large dimension
ds = 80, in CDML I only debias the coefficients for the household income (denoted as I1;)
and the standard deviation L of the diet dummy. Note that the estimated linear parameters
are slightly different by RMLE and CDML in this case because of the 4-fold cross-fitting.
Also, the price elasticities can be different due to the random coefficient. Given the single
random coefficient, I use a Gauss-Hermite quadrature with S = 100 nodes to balance the
accuracy of approximation and the cost of computation. The choice of tuning parameter

AN is based on a 4-fold cross-validation over markets.

6.3 Result

Table 6.1 presents the estimated target parameters and corresponding standard errors
(only for MLE, CDML and 2SLS) from the baseline models using L; = L?“Se. The stan-
dard errors of RMLE are infeasible except for those in Column (5) that are derived from
2SLS. Columns (1)-(3) report estimates from models that assumes exogenous prices, while
columns (4)-(6) account for price endogeneity and recover the intercept, the coefficients for
the diet dummy and price by 2SLS. In columns (1) and (3), all coefficients are statistically
significant at least at the 10% level. Particularly, the coefficient of price has a p-value be-

low 0.1%, suggesting a strong price effect on soft-drink demand. The standard deviations

BCDML debiases the target parameters f, f*, @, = and the effect of household income IT;, with a 4-fold
cross-fitting.
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Table 6.1: Estimated Coefficients for Baseline Models

MLE RMLE CDML MLE RMLE CDML

1) (2) 3) 4) 5) (6)
Intercept 0.423%** 0.420 0.440%** -0.286 -0.306 -0.296
(0.094) (0.101) (0.423) (0.412) (0.426)
Price -25.766*** 25741  -25.370*** -6.624 -6.182 -6.394
(2.779) (3.075) (15.367)  (14.651) (15.143)
Diet -4.061* -1.438 -3.467*% -2.827F%  J1.212%* 22,063 %**
(2.424) (2.073) (0.145) (0.138) (0.143)
Diet x HH Income 0.242* 0.063 0.261*** 0.167 0.051 0.135***
(0.125) (0.087) (0.451) (0.004)
RC.Diet 7.864** 1.209 8.464%** 5.286 0.034 4.119***
(4.060) (2.900) (15.367) (0.457)
N 4038
J 80
Dim 12 12 5 89 89 2
Obj Func -11915.79 -11926.35 198E-06 -11325.16 -11355.3 1.12E-06
Sparsity 3 3
2SLS X X X

Notes: Models in columns (1)-(3) assume that the prices of soft drinks are exogenous, while models in
columns (4)-(6) account for the price endogeneity. The intercept, the coefficients for the diet dummy and
price are directly estimated in column (1)-(3) and are recovered by two-stage least squares (2SLS) in columns
(4)-(6). The row RC.Diet represents the estimated standard deviation for the random coefficient of the diet
dummy. Standard errors of estimates are listed in parentheses. The standard errors of RMLE are infeasible
except for those in Column (5) that are derived from 2SLS. The asterisks *, ** and *** represent the significant
level at 10%, 5% and 1%. One-sided t-tests Hy : X. = 0 versus Hy : ¥ > 0 are conducted for the standard
deviations.
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of the random coefficients are significantly positive, which provide evidence of hetero-
geneous preferences for diet drinks among households. Columns (4)-(6) tell a different
story and imply the presence of price endogeneity. The intercepts and the coefficients of
price remain negative but become statistically insignificant. In fact, most coefficients in
columns (4) and (5) are insignificant. CDML in column (6) reveals a significantly positive
coefficient for the interaction term, suggesting that higher-income households may place
more value on health-related attributes when purchasing soft drinks.

Incorporating information on scientific knowledge and shopping preferences of house-
holds, Table 6.2 presents the results when L; = Lf ‘ The estimates for the intercept and
the price effect in columns (1)-(3), ignoring the price endogeneity, closely resemble those
in columns (1)-(3) in Table 6.1. However, the coefficients for the diet dummy and the in-
teraction term become smaller in magnitude compared to the basic models. Particularly,
in columns (1) and (2), MLE and RMLE indicate no remaining unobserved heterogeneity
given the tiny estimates. In contrast, CDML in column (3) suggests the presence of unob-
served heterogeneity, as the estimated standard deviation is significantly positive. When
accounting for endogeneity, MLE in column (4) fails to detect unobserved heterogeneity.
Both RMLE in column (5) and CDML in column (6) detect the heterogeneity and report
larger price effects than MLE.

Finally, I compare the own- and cross-price elasticities for the top 1 and top 2 selling
brands in the year 2011, where the top 1 seller holds the largest market share among 21
alternatives and the top 2 seller follows. Tables 6.3 and 6.4 report the estimated price
elasticities for six models. According to columns (1)-(3) in both tables, I observe that
the magnitude of own-price elasticities generally increases after introducing additional
covariates, while the cross-price elasticities decreases. As an example, the cross-price
elasticity of the outside option with respect to the price of the top 1 brand declines from
0.090 to 0.056 in column (1). In columns (4)-(6), after controlling for endogeneity, the

magnitude of both elasticities increases as the dimension increases. In Table 6.3, the
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Table 6.2: Estimated Coefficients for Models Including Scientific Knowledge and

Shopping Preferences
MLE RMLE CDML MLE RMLE CDML
(1) (2) (3) (4) ) (6)

Intercept 0.421*** 0.419 0.405***  -0.293 -0.001 -0.048
(0.094) (0.108) (0.416)  (0.357)  (0.358)

Price -25.758***  -25743  -25.334***  -6.382  -11.708  -10.722
(2.782) (3.067)  (14.784) (12.709) (12.716)

Diet -1.424**  -1.571 -lled* -1.252%%*  -1.387***  -1.359%**
(0.259) (0.234) (0.140)  (0.120)  (0.120)

Diet x HH Income  0.043*** 0.025 0.025** 0.043 0.024 1.109
(0.016) (0.012) [0.235] (1.055)

RC.Diet 1.41E-09 0.001 0.640***  5.83E-05  0.599 37.640
(0.224) (0.007) [0.219] (35.431)

N 4038

J 80

Dim 670 670 5 747 747 2

Neg LL -11915.79  -11990.01 6.71E-10  -10326.2 -11409.4 2.97E-05

Sparsity 661 663

25LS X X X

Notes: Models in columns (1)-(3) assume that the prices of soft drinks are exogenous, while models in
columns (4)-(6) account for the price endogeneity. The intercept, the coefficients for the diet dummy and
price are directly estimated in column (1)-(3) and are recovered by two-stage least squares (2SLS) in columns
(4)-(6). The row RC.Diet represents the estimated standard deviation for the random coefficient of the diet
dummy. Standard errors of estimates are listed in parentheses (or in brackets if the estimated variance-
covariance matrix is singular). The standard errors of RMLE are infeasible except for those in Column (5)
that are derived from 2SLS. The asterisks *, ** and *** represent the significant level at 10%, 5% and 1%.
One-sided t-tests Hy : X = 0 versus H;p : X > 0 are conducted for the standard deviations.
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Table 6.3: Price Elasticities for Baseline Models

Elasticity MLE RMLE CDML MLE RMLE CDML
(1) (2) (3) (4) () (6)

Panel A: Own-Price Elasticities
Topl -0.717 -0.732 -0.709 -0.164 -0.164 -0.160
Top2 -0.351 -0.362 -0.348 -0.087 -0.086 -0.085

Panel B: Cross-Price Elasticities

Outside-Top1 0.097 0.074 0.090 0.024 0.016 0.022
Outside-Top2 0.050 0.038 0.046 0.012 0.008 0.011
Topl-Top2 0.035 0.027 0.032 0.019 0.013 0.018
Top2-Topl 0.099 0.076 0.092 0.032 0.021 0.030
2SLS X X X

Notes: Models in columns (1)-(3) assume that the prices of soft drinks are exogenous, while models in
columns (4)-(6) account for the price endogeneity. Both own-price and cross-price elasticities are calculated
based on estimated parameters. In Panel A, Top1 and Top2 represent the best seller brand and the second-
best seller brand in the year 2011. In Panel B, A-B means the cross-price elasticity of alternative A with
respect to the alternative B.

estimates from MLE in column (4) and CDML in column (6) are quite similar. However,
in Table 6.4, the CDML estimates in column (6) are around 40% larger than the maximum
likelihood estimates in column (4), which are different from the regularized estimates in
column (5) as well. This underscores the importance of variable selection and debiasing
when we includes high-dimensional covariates in the model, since failing to address these

issues can lead to incorrect substitution patterns.

7 Conclusion

In this paper, I propose a framework of estimation and inference for random-coefficient
logit models in the presence of high-dimensional individual-level covariates, bridging the

literature of high-dimensional inference and inference on the boundary. For estimation,
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Table 6.4: Price Elasticities for Baseline Models

Elasticity MLE RMLE CDML MLE RMLE CDML
(1) (2) 3) (4) (5) (6)
Panel A: Own-Price Elasticities
Topl -0.727 -0.739 -0.733 -0.162 -0.309 -0.261
Top2 -0.358 -0.368 -0.366 -0.086 -0.162 -0.137
Panel B: Cross-Price Elasticities
Outside-Top1 0.083  0.065 0.056 0.021 0.028 0.036
Outside-Top2 0.043 0.033 0.029 0.010 0.014 0.018
Topl-Top2 0.030 0.023 0.020 0.016 0.025 0.033
Top2-Topl 0.084 0.066 0.057 0.027 0.041 0.059
2SLS X X X

Notes: Models in columns (1)-(3) assume that the prices of soft drinks are exogenous, while models in
columns (4)-(6) account for the price endogeneity. Both own-price and cross-price elasticities are calculated
based on estimated parameters. In Panel A, Topl and Top2 represent the best seller brand and the second-
best seller brand in the year 2011. In Panel B, A-B means the cross-price elasticity of alternative A with

respect to the alternative B.
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I suggest an [-regularized maximum likelihood estimation (RMLE) approach to select
the high-dimensional covariates, which remains effective even in the presence of multi-
collinearity and endogeneity. To address the non-differentiability of /1-penalty, I propose a
proximal gradient descent algorithm that accommodates box constraints. Under mild as-
sumptions, I derive non-asymptotic probability bounds for the estimation errors in RMLE,
indicating a slower convergence rate than the existing high-dimensional literature due to
the increasing number of alternatives. For inference, I implement a procedure called K-fold
cross-fitting, and construct a constrained debiased machine learning (CDML) estimator
based on the first-stage RMLE. I prove the root-n consistency for the CDML estimator and
derive its asymptotic distribution, which is multivariate Gaussian if there is no bound-
ary issue, and otherwise, is a projection of the multivariate Gaussian onto a polytope. I
also propose a quasi-likelihood ratio (QLR) test for hypothesis testings. The performance
of RMLE and CDML is illustrated in comprehensive Monte Carlo simulations. Finally,
using micro-level data provided by NielsonlQ, I apply these approaches to analyze the

soft-drink market in North Carolina.
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B Dataset Construction

In the 2011 Custom Survey, there are 80,205 household members. Within each household,
only one individual can be designated as the primary shopper. Given the likelihood
that household members share information and benefit from collective knowledge, for
questions related to knowledge (e.g., know-or-not questions), a household is treated as
“knowing” if at least one member answers “know”. As an example, consider a household
of three members. If two members answer that they “know” brand A of a headache
reliever, then the dummy know.reliever.A is set to true. A continuing example is about
the ingredient of the reliever A. If one member chooses Aspirin and the other chooses
Ibuprofen, but the true answer is Aspirin, then the variable reliever.A.correct is equal
to 0.5. For attitude-related questions, I calculate the average responses across members
within each household. For all other questions, I pick the decision of the primary shopper.
Following this strategy, the survey data is reduced to 56,258 households with 404 variables.

There were 109,036 household members participating in the 2011 Ailment Survey.
Intuitively, households with more members experiencing ailments would likely have
higher demands for health-related products. To capture this, I count the number of
household members who reported ailments within a household for every ailment. After
generating dummy variables for each ailment and aggregating the data at household-level,
I obtain a dataset consisting of 62,002 households and 1,203 variables.
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C K-fold Cross-validation

Choice of tuning parameter (i.e., the penalty Ay) is crucial to the regularized maximum
likelihood method. Larger penalty can better capture the sparsity of the true parameter,
however, introduce more regularization bias in the estimation. In the machine learn-
ing literature, the procedure called K-fold cross-validation is (K-CV) widely applied to
determine tuning parameters. I borrow the idea of K-CV and implement the following

procedure in my simulations and empirical application.

K-CV for Regularized Maximum Likelihood Estimation

1. For each t = 1,...,T, consider a random partition of 7; := {1,...,n;} into K

different segments 114, ..., Ik t;

2. Let Testy := Uthlf k¢ be the collection of the indices of individuals in all T markets
for the segment k = 1,...,K, and let Train; := Uthlft\Testk be the indices of the
rest of individuals;

3. Let A:={Ay,..., Am} be a sequence of penalty parameters;
4. Foreachm=1,..., Mandk=1,...,K,

(a) Solve the regularized likelihood estimator é}f%LE = GRMLE (Traing, Ay,) based

on the individuals indexed by the training set Trainy and the penalty A,, > 0;

(b) Calculate the unpenalized log-likelihood Lyjr(Testy, éf%”s) based on the
individuals indexed by the testing set Test; and the estimator é{f%m ;
5. The searched optimal tuning parameter A,,; minimizes the loss, which is negative

testing log-likelihood,

K
. ARMLE
Aopt = argmin — Z Lnjr(Testy, Ok,m
m:l,...,M k=1

Choice of A My choice of A is according to Lemma 1. Although the corollary indicates
PN = max; ]t\/WOng and Ax > 2Npy, the penalty Ay could be overwhelming when-
ever the sample size N is not large enough. However, the rate N py may be informative.
I consider 20 different penalties, which are constants multiplied by Npy, when I do the
K =10 folds cross-validation:

A=(1,2,3,4,56,7,8,9 ®(107°%,1072,10") x Npy
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I only penalize the high-dimensional and potentially sparse parameter I'l, presuming that

the other parameters are known to be non-sparse and important.

Computation The K-CV procedure, solving éllil\nfLE for K x | A times, is costly in compu-
tation, especially for mixed models because of the numerical integration. There are some
techniques in the LASSO literature such as least angle regression algorithm (Efron et al.,
2004) and cyclical coordinate descent algorithm (Friedman, Hastie and Tibshirani, 2010) that
can accelerate the solution of the whole regularization path. However, they may not work
well either because of the nonlinearity or the high cost of solving the gradient. Hopefully,
each penalty and fold can be solved independently so it is ideal to implement parallel
computing. I evaluated 10-fold CV for each case on a cluster with 72 cores and 216 giga-
bytes memory, and it took at most 7 hours to finish the whole procedure (4 combinations

of n and ) for one case.

Results Given datasets (one for each case) generated according to Table C.1, I implement
the K-CV procedure and display the testing log-likelihood for various n; and J; in Figure
C.1-C.2. The baseline models in C.1 imply that adding penalty is unnecessary for low-
dimensional models, although small penalty seems to be harmless and slightly improve
the out-of-sample prediction. In contrast, Figures C.2-C.2 demonstrate the importance of
penalizing many parameters. Most curves have a U-shape with tight confidence intervals.
On one hand, when there is no (or small) penalty, the models with high-dimensional
parameters are likely to overfit the data. On the other hand, when there is too much
penalty, most parameters are zero so the models predict the same choice probability for
each product and consumer. The K-CV procedure should be ideally implemented for
every dataset generated in the simulation, but the computation is too costly. I summarize
the following Table C.1 for references. Since the log-likelihood curves are flat in the

neighborhood of the optimum, when I run the 500 Monte Carlo simulations,

1. in two baseline cases (the low-dimensional models), CDML nuisance estimates are
from MLE but not RMLE;

2. in the high-dimensional models (Case 1-4), we simply choose the ¢* for RMLE (and
hence CDML) from Table C.1.

I also plot the paths of both penalized coefficients Il (solid lines) and unpenalized coef-
ficients 8, ¥, a, = (dashed lines) in Figure C.4-C.5. The paths are expected: the penalized
coefficients shrink to zero as the penalty increases while the unpenalized coefficients vary
slightly and do not shrink, except for the standard deviation. The behaviors of the standard

70



Table C.1: Optimal Penalty Multipliers from 10-fold CV

Optimal Multipliers c* in Ay = c*"Npn

Cases 75 7, =100,,=3 m, =100, =5 m =200,], =3 n, =200,], =5
Baselinel 10 1 0.003 0.01 0.01 0.01
Baseline2 10 O 0.01 0.01 0.02 0.008

1 200 1 0.05 0.03 0.05 0.03

2 200 0 0.03 0.02 0.04 0.03

3 400 1 0.05 0.03 0.04 0.03

4 400 0 0.03 0.02 0.05 0.03

deviation are interesting. In the baseline models whose dimensions are relatively low, the
standard deviations X can be estimated properly under zero or small penalty. In Case 1-4
whose dimensions are relatively high, the effect of random coefficients is dispersed when
the penalty is small and many non-zero coefficients, because the covariates X;; ® L; and
Xjt © v; share the same product characteristic X;; and the sample size is not enough to
unveil Cov(L;, v;) = 0. When the penalty is moderate such that the sparsity is recovered,
the standard deviation can then be estimated properly. It is worth noting that, when the
penalty is too large, the estimation can be wrong again because all penalized coefficients
are forced to be zero and the standard deviation will be over-estimated (see the baseline
2, Case 2 and 4).
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Table D.1: Integral Approximation, Accuracy and Number of Drawn Nodes

Method 1-dim Approx. Nodes in d-dim
Laplace /e‘S”(t)dt ~ (2r1)'2|Bu” (t)|~'/? exp(-Bu(t))
: 1 1
relative error: O(B™")
Gauss-Hermite fu(t)e‘tzdt ~ Zle wpu(ty) B

exact up to (2B — 1)-th polynomials
Monte Carlo (MC) fu(t)F(dt) ~ B! ZbB=1 u(ty) with t, ~ i.i.d. F(t)
absolute error: O(B~1/2)

Quasi MC [u(t)F(dt) ~ BT 3, u(ty) with t, := F~1(hy)
absolute error: O(B~!log B)

Notes: This table summarizes the approximation of integrals in a single dimension by different approaches
and the corresponding approximation errors in K € N dimensions. In the Laplace approximation, f =
arg min, u(t) and u”(-) is the second-order derivative of u(-), see Bilodeau et al. (2023). In Gauss-Hermite
quadrature, w;, = 2°~1b!NTb~2[Hy-1(ty)] 2 where Hy(t) is the physicist’'s Hermite polynomial, see Liu and
Pierce (1994) for discussions. If I(u) is the integral and It (1) is the approximation, then the relative error
denotes |I(u)/f(u) — 1| and the absolute error denotes |I(u) — f(u)|.

B

B

D Numerical Integration

D.1 Gauss-Hermite Quadrature

Given the smoothness of the soft-max function, Gauss-Hermite quadrature can be imple-
mented to approximate the following integral with change of variable:

oo [T explwy(v, 0)) 1 >
9@:= [ 173 exp(@i v, 0) yar PR

where w;j(v,0) = 6; + (X; ® L;)'TI + (X; 0 v)'L. Let m := v/V?2, then

©  exp(w;j(V2m)) 1 ) 1 < exp(wij(V2my))
ii 0) = — - dm ~ —
%i(6) /_m 1+ 3 exp(wip (V2m)) Vn xXpm)m \r ;‘ Y ¥ explwijp (V2my))

which exactly corresponds to the Gauss-Hermite Quadrature. The node m;, and the weight
my, are given by the physicists’ version of Hermite polynomial. This approximation is exact
for (2B — 1)-th order of polynomials. As an example, when B = 5, we have

w1y = 0.0199, wy = 0.3936, w3 = 0.9453, wy = 0.3936, ws = 0.0199

my = —2.020, mp = —0.959, m3 = 0, mg = 0.959, ms = 2.020

which is exact for 9-th order of polynomials. Similarly,
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010 = [ vitantonp| B0 | o epiomn
1 &< Qix © V2my,
ﬁ;;wbﬁbk(mz(\/—mbrg) /J) Xi
2 CPEG,, (Qi ©vi)(Qix ©viY (Qir ©vi)X}
70a0°'%) = /—‘X’ kZ:; ; bl j: 0 Xil(Qik © vi) XX,

1 B J ] (Qi1 © \/Emb)(Qik © \/Emb)' Qi © \/Emz;)lek
~ — Z Z ZZ: wp (w; (N2my, 6), j, k) ( Xi(Qix © V2my)’ XuXJ,

1
where ¢ (wi, j) = Pj(wi) (I[k = j] = Yr(wi)) and P (wi, j, k) = Pi(wi, Ik = jl-j(wi, Pi(wi)-
Vi (wi, k)Yi(wi).

D.2 Quasi-Monte Carlo Integration

Train (2000, also see his references) discusses the random draws in mixed logit models
based on Halton sequences. These draws based on deterministic sequences can achieve
better symmetry and smaller variance!® in simulation errors, especially when the dimen-
sion is relatively large. It is better to under such Halton sequence in an example. A Halton

sequence for number 3 (must be a prime number) is constructed as follows:
e First, divide (0, 1) into 3 parts and get nodes 1/3, 2/3;

e Next, divide each parts into 3 parts and get nodes from each parts sequentially 1/9,
4/9,7/9,2/9,5/9,8/9;

e Next, divide each parts into 3 parts ...

Then the Halton sequence is

(h1(3), h2(3), h3(3),...):=(5, 5, =, =, = =, =, = on)

and similar procedure can be done with other prime numbers. To draw a sequence of
random variables x1, ..., x, from F(-) according to the Halton sequence {4;(3)}_,, simply
let x; := F1(h;(3)). To draw random vectors, just consider multiple Halton sequences
such as {(hi(2), hi(3), hi(5), ... )},

5Train (2000) finds that the variance over draws in the simulated probability for an observation is half as
large with 100 Halton draws than 1,000 random draws.
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Train (1999) suggests the following steps to simulate the random part 951), ceey QEB) € RQ
fori=1,...,n:

1. Calculate a Halton sequence of length (Bn + 10) using Q prime numbers ki, .. ., ko:

(hi)B1H10 = (hi(kq), hi(ka), . . ., hi(kg))PnHO

where the first 10 entries are discarded to mitigate potential correlation;

2. Foreachi=1,...,n,1=1,...,Band g =1,...,Q, calculate

~ l _
91(27 = F (hyo+(i—1)p+1(kq))
where F~! can be the inverse CDF of N(0, 1)

3. Foreachi=1,...,nand [ =1,...,B, calculate

1) M)y _ v1/2,50) A
(91.’1,.-.,91-@) =X / ( i,l""’Ql'/Q)

Remark 1. Both cmmixlogit in STATA17 and the MATLAB code by Train (2006) use low-

discrepancy sequences such as Halton sequences and Hammersley sets.
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E Proof of Main Results

E.1 Proof of Lemma1l

Recall that

n

J d
Lyj(6o) = ZYz] ——s5;i(69)

d@ i=1 j=0 51](90) do

where s;;(0p) = f Vi(wi(00))P(dv;), and O(-) is the CDF of the multivariate normal distri-
bution N (0, I,). Given that ZLO Y;; = 1 and the assumption min; s;;(69) > C;J~ > 0,

n](90) <Cy ]Zmax 511(90)

where the inequality here is element-wise. It suffices to derive the rate on %si i(6p). Later,

we will show that for any 7 and j,

d
‘dQSZ](QO)

< chatuld almost surely (E.1)

where 1, is a vector of ones with length dg. Now let ‘W, := ZLO Yi]'si]-(Go)A%sij(Go) SO
%Ln](e()) = Z?zl W;. By Assumption 1, ‘W; is iid. acrossi = 1,...,n. By the union
bound of probability

. pn)

n dg

i=1 00 k=1
n
Z(M/ik > pn)
i=1

We will derive the bound by using the McDiarmid’s inequality (see Lemma 5 in
Appendix). Let Z = f(Wi,..., W,) = X7, W;s0E[Z] =0 ¢ R by Assumption 1.
Without loss of generality, consider the first coordinate k = 1 so we can temporarily drop

Zn:‘Wik

i=1

ik

d@ n
2 pn) < ZP(
k=1 i=1

<dg mI?XP(

the subscript k. Now we verify the critical block, which is called the bounded difference
property:

sup |f(wy,...,wn) = f(wy,..., Wi—1, Wi, Wit1, ..., Wy)| <ci, 1<i<n
W1,... Wy, Wit

for some constantscy, ..., c, > 0. Inourdesign, c1, ..., ¢y, = 4(J+1) max{Cguata, Caata 2/}
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because,
|f(w1/ e /wn) - f(wll e, Wi, Wi, Wity e - /wn)|

] J
1 d o
] jz:(;yijSij(QO) 1d91Sij(60)_,Z:(;yi'fsi’i(eo) 151_@151-,]'(90)

J
d
-1
< 2rnlax $ij(60) ™" X rnz_ax Z(; ]/ijd—elsij(go)
]:
< 4C]_l]Cdata

where the first inequality comes from the triangle inequality, and the second inequality
comes from Assumption 3 and Eq.(E.1). Let C := 4C]‘1Cdm. Note that the bounded
difference property holds for all k. As a result, by the McDiarmid’s inequality,

Zn:(vvik

P(|Zx —E[Zk]l > ¢) = P(

> <2 _i
C| = <exp n]ZCZ

i=1
and hence ) s
1d 2n“pyc
== >c| < _Z
P(Pn =g Ln(00) oz c) < 2exp( 20 +logdg)

Let p, = Jy/n~1logdg, then the right-hand side 2 exp((1—2c?/C?)log dg) can be arbitrarily
small (as dg — o0) whenever ¢ > C. Therefore, we conclude that

= Op (Pn) = Op (]‘/Tl_l logdg)

Finally, we show Eq.(E.1). To save notation, we write 1;; := 1;(w;(6p)) without confu-

1d
H Lj(60)

ndo

sions. By the chain rule and the exchangeability,

J
d _ d _ Nij dwix
_dQSZ](QO) = de'ubqq)(dvz) —/k§:1 dwi; 40 CD(dVZ)

By the property of soft-max function, Z;zo Yij =1and

Loopi J
; 812 - Z (Il = 1= ij) pix = ij - Z Viiik = Yij(1 = io) € [0,9ij]

k=1 k=1
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for all v;. Note that w;x = lek‘B + (Qix ©v;)'0 and Xjy is independent of v;, similarly

J J ij d i / ]
/;&ii ;‘gk@(dw)=/¢inij—kZ=; Ebz‘ijikXikCD(dw)=Xijsz'j(90)—; Xik/l#ijybik@(dvi)

For the first term, each coordinate |X;j;sij(6o)| < Cyatq is bounded almost surely given the
assumption |Xjj;| < Cyat, almost surely. For the second term, notice that ¢;; € [0,1] and
Z§=1 Yij=1-1¢jp <1 for all v;, so

]
Xi l,bi'kbi (D(dvi) > —Cata l,bi'(l — i )(D(dvi) > —Cata
; k/ Wik dat / ] 0 dat

Thus,

< 2Cyata Lax

ij AWik ‘
/ > G )

where 14, is a vector of ones with length dx. It is slightly different for the derivative with

respect to o:

J alpz dwiy J
/;awii T q)(dvz')=/%iQi]‘@viCD(dw)—kz:;/Qbijybiink@viCD(dvi)

For the first term, since Q;; is independent of v;, we can factor Q;; out and rewrite it as
Qij © fgbi]-v,'q)(dvi). Since 1;; € [0,1], thenforl =1,...,dg,

/ Vi Qijivi®@(dvir) = YiiQijivir®(dvir) + YijQijivi®(dvir)

vi1<0 vi1=0

2
<2 Qijvir®(dvir) = Caatar| —
v;1=0 T

where the last equality is from the mean of half-normal distribution'®and the assumption

1If Y = |X| and | X| ~ N(0, 0?), then Y follows a half-normal distribution with the density function

2

V2 o[-V
o\/ﬁ p 202

and mean E[Y] = %ﬁ In our case, 0 = 1 and /v”zo vi®@(dvi) = %E[Y] =1/V2mn.

f(y) = ) y20
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that |Q;ji| < Caata almost surely. For the second term, we do similar decomposition

/v,bijl,biinzvil@(dVil) = ybijl,biinzvizq)(dVil) + tPingiinzViqu(dVil)

vi1<0 v;1>0

and then
/¢ij¢iinlvil®(dvil) Z chata ¢ij¢ikvil®(dvil)

v;1<0

Again, as Z{<=1 VYik =1 -0 and ¢j; € [0,1],

]
2
§ /l,bijl,biinlVilq)(dVil) > 2Caata Yij(1 = io)vaP(dvir) 2 —Caatar/ ~
k=1 0

Vi<

Therefore,

L ovii daw,
] AWik . 2
/; Jorr W(D(de) < chata\/;LdQ

Combine with the previous bound and the proof is finished.

E.2 Proof of Theorem 1

We first verify the conditions for Theorem 1 in Negahban et al. (2012). Their condition
(G1) is naturally satisfied with LASSO penalty and 7;, = 0 as a result. Their condition (G2)
also holds: L,;(0) is a smooth function of 6 and we assume conditions in Assumption 2.
Since the dual norm of [1-norm || - ||1 is the loo-norm, R*(VL,;(6p)) is exactly || %Ln,(eo)nw,
and Lemma 1 shows the rate to be np;,.

Now we go through their proof of Theorem 1 in the supplementary material. Define
F(A) := Luj (0o + A) = Luj(60) + An(l100 + Allr = [160l])

which is the difference between the penalized likelihood at g+ A and 6y. The authors first
proves their Lemma 3: if A, > 2R*(VL,;(00)) and Ly is convex, then L,j(6g + A) — L,,j(6p) >
—AT”(HAS l1 + |Asc|l1). The proof is standard and the same when we consider a random
design and sufficiently assume L,;(0) is convex in a neighborhood of 6y which contains
0o + A (especially ORMLE)  The statement now becomes: on the event E(A,) = {A, >
2R*(VL,j(60))} (with probability greater than 1 — a,,), we have the inequality holds.
Since || - ||1 is convex everywhere and Ly;(-) is convex at 6y + tA for all t € (0,1), F () is
also convex at tA. Such convexity can be used to prove their Lemma 4: if ¥ (A) > 0 for all
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A e Cn{||A]l = T}, then ||A|| = ||6RMLE — gy < C. A contrapositive statement is proved:
if there exists A such that ||A|| > (, then there is some A € C N {||A]| = €} such that F(A) < 0.
Since ||A|| > C and C is a cone, then there must be some #* € (0, 1) such that [|t*A| = C on

the line joining A and 0. By Jensen’s inequality and 7 (0) = 0,
FHEA+1-1)0) < 'FA) +(1-t)F0) = *F(A) <0

The last inequality comes from the fact that ORMLE ig the minimum point so T(A) <0.
Then, simply define A = +*A suggesting (A) < 0 and hence the Lemma 4 is proved.

The rest of the proof is then straightforward. By (G1) and (G2), with probability greater
than 1 —a,,

d /
F(A) 2 (ELM(QO)) A+ nxp[|All3 +Au(l160 + All ~ 116oll1)
for all A € C. Using the Holder’s inequality, with probability greater than 1 - b,,,

1
< 1Al < SAalAlL

o]

d
ELM(QO)

d ’
[0
for A, > 2np,. Then, with probability greater than 1 —a,, — by,
1
F(A) > nxr||All5 + An(160 + Al = 160ll1) — E/\nIIAlh

Some algebra shows that [[6p + All1 = [[60] = [|Ase [l = |As|l1 = 2[160,s¢ [l = |Ase]lx = [[As]ls.
Plug in this inequality and we obtain

3 3
F () 2 nxr AL - SAnllAslly 2 mr AN = SAnVEallAll

According to the Lemma 4, strictly positive right-hand side implies IAll, < C, which is

true as long as ||A|[; > 3ndy as kg > 0. Thus, we can let C = WS_—M”, which generate the
g ZnKL nKp, g

tirst error bound in our lemma. The second error bound is then by the Holder’s inequality

1Al < VEallAll.
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E.3 Proof of Corollary 1

The proof is almost the same except that we need to derive the concentration inequality
for |[N~1 %LN 17(60)|l0. Again, by the definition,

L (6g) = —=5ijt(6o)
NJT\Y0 ;;;7 z]t W(G)d@ 1jt\Y0

Given that Zj€$ Yij+ = 1 and minje g, 5:(00) > C]]if1 > 0 from Assumption 4,

1 4 d
Y 0 C—l -1 “ .. (0

where the inequality here is element-wise, and hence
d
LN]T(QO) < tzll ; C; ]t max dQSz]t(QO)
reldy

It suffices to derive the bound on %si]’t(ﬂo) for each i, j,t. Consider 0 = (¢’, ,80/,,8”/)’ for
generality. Some algebra shows that

] €k

d a7~Pz‘j dwi dwir

%sl]t(QO) —/ E EPRT ®(dv;) where 0 - Xjt ® L;
k=1 X]'t O v;

Here e, =(0,...,0,1,0,...,0) is a vector of length | whose k-th entry is equal to one
and the others are all zero. By Assumption 4, Xj; and L; are all bounded random vectors.

Therefore, we can prove in the exact same way as Lemma 1 and show that for any i, j, ¢,

d ’
sijt(Oo) Lidy” Caata L;X) almost surely

‘d@

2
<2(d’cdata

Let W;; = C]‘l]t‘1 maxXie; %siﬂ(eo) and W x be the k-the entry. The union bound

inequality implies

>y W

t=1 iel;

Zn: Wit

i=1

>pn | < de]?X]P(

> pN) for pn >0

[0e]

86



The bounded difference property is satisfied with constant
C:= 4C]_1 X m;ax]t X max{1, Cﬁam, Cdata}

By the McDiarmid’s inequality again, for any ¢ > 0 and py > 0,

P|px 1 d —L 0 2 2N2P%VC2 log d
> < —
PN || 7g LT (00) =) =P Nimax J2cz 8%
and hence,
1d [
‘ Nd@LN]T(QO) =0Op (mtax]t N-1 logdg)

The error bounds for the regularlzed estimator are direct results from Lemma 1.

E.4 Proof of Theorem 2

For clarity, the proof is separated into eight steps. The outline is given in Step 1 where
we assume all rates are known. In Step 2-3, we derive the rate for Mnjk(yo; 1, i) —
Mnx(y0; 10, tio) by using empirical process notations and the cross-fitting technique. In
Step 4-5, we derive the rate for D, Mnjx(yo; 7, {t) — D,»Mnjk(y0; N0, to) which does not
rely on the cross-fitting. In Step 6, we derive the rate for D%MN 1,1(y0). Step 7 is the central
limit theorem for NY/2My 7k (Y0; N0, no) and Step 8 is the weak law of large numbers for
D, Mnjx(y0; 10, o), proved by Hoeffding’s inequality.

Step1 By the definition in Eq.(4.1),

K
1
Mnijk(yo; 1, i) = Mnjx(y0; M0, to) = T Z N/K Z m;i(yo; Nk, fix) — mi(yo; Mo, Ho)
k=1 IEIk
K
1 1 ( ) NG L&
=— ) — (yo; k) — (y0;10)
’ N] ’ N]
K ; N/K\dy dy
a A 8 A
+ o= %(70;170) — [ an,L%}(yo;nk)
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K
A A 1

D, Mnjk(yo; 11, it) = Dy MnNjk(y0; o, to) = I Z

i

J? ~  d k), A
L . _ L .
+ Ho 31797/’ N](yO/ T]O) Uk (97]87// N](‘)/Ol nk)

-mi(yo; Nk, fik) — a,m i(Y0; 0, to)
- 8 dy
iely

L
N/K

1 0? r 92 L
N_( > (N}(Vofﬂ ) - yay,Lg\,}(yo;no)

and

D> Mny,i(yo) = KZ NJK - Z 8)/(9 =i (Y0; Mo, o)

E ? 9w o J
= — I . R ' L ‘
K e N/K 87/8)// a,)/] N](VOI T]O) a,)/ay/ luoz] an/ N](yOI T]O)

Taking the advantage of cross-fitting, we consider the decomposition in Chernozhukov et
al. (2018, C55) and use our Lemma 6.

We first derive the rate for WHMN]K()/o;ﬁ, 1) = Mnjx(Yo; Mo, to)ll2. Let Py, x be the
empirical measure over the subsamples indexed by 7. Thus,

K
~ A 1 A
Mnjk(yo; 7, i) = Mnjk(y0; Mo, to) = T E Py x (mi(yo; Nk, fix) — mi(yo; no, to))
=1

Also define the empirical process as follows: let Wy = {Y;;, Xi;,Qij : i € Iy,j € J}
and W_y = {Yij, Xij, Qij : i € I, j € J} (or Wy = {Yi, Xj, Lij, Qj : i € I, j € J} and
W_r ={Yij, Xj,Lij, Qj : i € I_g,j € J} in the BLP setting).

nkmz VN/K(Pnkmz_ mllw— ])
Then, P, « (mi(yo; fix, fix) — mi(v0; 1m0, o)) = (N/K)"Y2(A1 x + Ay ) where

Ak = Gy x (mi(yo; Ak, fix) — mi(Yo; no, 1o))
Ap i = VN/K(E[mi(yo; Tk, fix) | W=r] = E [mi(yo; no, to)])

Later, in Step 2, we will show that

A1 kll2 = Op(J*(1 + 5.7 + TN )
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In Step 3, we will show that

1Az kll2 = VN/KOp(JP(1 + 5,)r% , + J2 1N N y)

As K € N is finite and fixed, combine these two rates and we obtain

VN [Mnjx (yo; A, f)~Mnjx(Yo; o, tio)ll2 = 1ALk 12 + 1Az k|12
=Op (]2(1 + SNy N+ VN3 + sy)rf;]/q + W]?'”N,#”N,n)
Next, we derive the rate for ||D, Mnjk(yo; 7, i) — D)»Mnjx(y0; M0, to)llr. This part is
relatively simple to prove regardless of cross-fitting technique. Let

A-az<>—‘92()andA L0 03 0=k =2 L) (s )
3,k - 8)/(97/’ N] 7/0/77 ')/l N] 7/01770 4k - Hoan&y, NJ 7/0/170 ‘Ukarla')// NJ 7/0/T]k

In the following Step 4, we will prove that

N/K”A3 kllF = Op (] N r])

and finally in Step 5,

1

N/K||A4k||F = Op (Sy] N+ PN+ JPIN N, r])

and therefore,
Dy Mnjk (yo; 1), ft) = Dy Mnjx(yo0; 0, po)llF = Op ((1 + 80Ny + PN+ ISTN,qVN,y)

Finally, we derive the rate of D3 My j()0) in Step 6, which is shown as Op((1 + 5,,)°).
As a result, to have \/ﬁllMN]K(yo;ﬁ, ) — Mnyx(Yo; o, po)ll2 = op(1), we need

PP(4sprng = op(1),  Jrnu=op(l), VNP(l+s)ry , =op(1) and VNJryurn,, = op(1)
To have || D, Mnjk(yo; 1}, t) — Dy Mnjx(y0; 10, to)llF = op(1), we need

1+ Sy)]SrN,r] =op(1), ]er,y =op(1) and ]37N,nrN,y =op(1)
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To have D} Mny,j(yo) = op(NY/2), we need
N2 +5,)]° = op(1)
In Step 7 and 8, we will prove that
VNMnjx(vo; o, o) —a M := N(0,Zp) and Dy Mnjx(yoino,to) —p Qum

Remark 2. Intuitively, we can also do the following decomposition for Myjx(yo; 7, i) —
Mnjk(yo; 10, po): foreach k =1, ..., K, let

d (), A (k)
Ik == == Ly;(yo; k)— ,L (Y0;10)
5,7 Lny (0 1) = 3 7L (o

0 . d A
L := o an,L%()/o; 1M0) — ik a7 L%}(VO}T]k)

By the triangle inequality of the [-norm and the Frobenius norm,

K
IMnyk(y0; A, 1) = Mgk (y0; o, o)ll2 < Z = (1T ll2 + 1T2]12)
k:

so it suffices to derive bounds for I; x and I, e.g., using Taylor’s expansion at n = no.
However, it is necessary to have I1 x V Iy = op(N~"/2) which is very strong. The proof
could be quite difficult because such decomposition may not use the fact that I; x — I  is

the different of score functions whose mean will concentrate at zero.

Step 2 We derive the rate of ||Aj k||2 in this part. According to Lemma 6,

E[|A1Ll13 | W-i] < Elllmi(yo; fix, fix) = mi(yo; 1o, po)ll3 | Wei]

< sup  E[llmi(yo;n, 1) — mi(yo; no, to)ll3 | W]
1]€T13,‘u€T15

= sup E[llmi(yo;n, 1) — mi(yo;no, to)ll3]
neT ueTy;

Also, by the Lemma 6.1 in Chernozhukov et al. (2018), E[||A1ll3 | Wei] < 72,

|A1kll2 = Op(r1,k). Thus, it suffices to provide the rate of ||m;(yo; 1, 1) — mi(yo; o, to)ll2-

implies
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By the definition of the log-likelihood function,

J
d 0
mi(yo;n, w) — mi(yo; No, o) = g Yij(_ay, Ins;j(yo, 1) — Han, Ins;j(yo0, 1)
=0

0 0
“ 3 =— Ins;i(yo, m0) + o= PP Ins;;(y0,1M0)

which is a d,,-by-1 vector. To avoid of the tensor notation, we consider its I-th coordinate

without loss of generality. Let

d d
Bik, := I Insij(yo, 1) — 7, =— Ins;i(y0,M0)

0 J
By, = #0,18—17, In's;i(y0,M0) — Hza—n,ln sij(y0,1)

We first derive the rate for By ;. Consider the Taylor’s expansion of - ln sij(yo, 1)
(which is at least two-times continuously differentiable everywhere) at = 170

2

) 0 &
o Ins;j(yo,n) = 7 =—Ins;i(y0,m0) + (17 — rzo) o Ins;j(y0,1n0) + o(lln = 1oll2)

where the remainder is by the Taylor’s approximation theorem. According to Lemma 3,

the second term on the right-hand side is bounded almost surely, then by the triangle

inequality,
82 lns( ) _maXS_z( ) is( ) +maxs—1( ) _is( )
817'8)/1 ij\yo.To o B H ij V0,110 87]/ ij\y0,10 . i ij Yo,70 9 ’97/1 ij\Y0, 70 N
where the first term is bounded by 2C ZIZCDam and the second term is bounded by

6C; jcz Data: Lhus, with probability one,

<2C ]CData +6C ]CData O(lz)

82
“8n’8y In 511(7/0,170)

which is also true for 9%/dndn’. Then, by the Holder’s inequality, almost surely we have

82
e ——=—1Ins;i(y0,M0)

= O (P2lIn = ol

+o(lln —noll2)

(o]

< [ln—mnoll1 X

d J
|B1,k,1 —‘ 7 Insij(yo, 1) — 7 ——1Ins;i(y0,M0)
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It is worth noting that this rate holds for not only all I’s but also

d 0
a7 Ins;j(yo,n) — a7 Insij (30, 10)

Next, we derive the rate for B; i ;. Notice that'”

J 0 0 J
By, = uo,za—n, In'sij(y0,10) — #18—17, Ins;j(yo,n) = Wo, (977' In's;;(yo,m0) — 8_17’1n Sz‘j()/o,fz))
+ (o1 — 1) ilns~( )—ilns'-( )
‘Llo,l l"ll an, 1] yOI TI an, 1] 7/0/ rIO
J
+ ( - l)_, h'lSl"( ’ )
luO H ar] ] Yo,10

By the triangle inequality, the Holder’s inequality and the sub-multiplicativity of Frobe-

nius norm,

|Bo, k1l < llpo,illn X

0 0
a7 In s;i(y0,10) — a7 Insij(yo,m)

(o]

+ |lpo,r = il X

d 0
(9_1]’ In Sij()/O/ T]o) - 81]' In Sij(VO/ T])

d
+ [lo, — plla X a7 In'sij(y0,1M0) )
Recall that we just proved
d d
Ha—,?,lnsij(?/ofﬂo) =gy meiom) =0 (Izlln - 170||1)

almost surely. In addition, by Lemma 3 again, forany [ = 1, ..., d,,

< 2C]_1]CData = O(])

d d
‘— In's; (0, 1m0) a—msij(Vof 10)

am < max s (0, 10) %

almost surely, so

Bail < O (PPl + lsto = gull)l = nolly + Tl = gl

7We use the fact that AB—CD = A(B-D)+(A-C)(D-B)+(A-C)B.
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Therefore, with probability one,
lmi(yo;n, 1) — mi(yo;no, po)ll2 < O (12(1 + llpollr + llgo = wll)lin = nollr + Jll o — H”l)

d . ey .
where |[uoll1 = 2] lil |to1]l1. Given the definition of TZZ and Tlf; and that p is sparse, we

know [[uoll1 = O(sy), lln —nolls < rn,pand ||y — woll1 < 7N, 80
A1 kll2 = Op(J*(1 + s.)rn g + J7N )

Step 3 We derive the rate of ||A; k|2 in this part. Let

f(r) == E[m;(yo;no + r(fix — n0), ko + r(fix — po)) | W—i] = E[mi(y0;m0, po)], r €1[0,1]

s0 Az k = VN /Kfi(1) and fk(1) = fx(0) + f/(0) + f;'(r)/2 for some ¥ € (0, 1) by the Taylor’s
expansion. Here fx(0) = 0 because the score has zero expectation, and f/(0) = 0 because

of the Neyman orthogonality. The third term
., 2% (9 .
() =E ;Yﬁ? 5,7 I sii(v0, 0 + (i = m0))
R d n
— (uo +r(fx - yo))a—n, Ins;j(yo, Mo + r(fx — T]o))) | W—kl
Since 7} and [ix are known conditioning on W_i, we temporarily use 1 and u without

ambiguity. To avoid the tensor notation, consider a single I = 1, ... ,dy and let §1-j =
sij(y0, 1m0 + (1 — n0)) to save notations:

2 29 . . N J .
ﬁ(9_yllnsl] = 2Sij (%511 -(n _770)) aylsl] 5 (n = o) (87](97]’51]) (n _770)(97/[51]
—32 ig (n—10) a_zg (n—mn0) +§:1(n — )/—3§.‘( —1o)
i (G| T\ Gy 0| N0 S 0 By i I

By Assumption 7, §i‘].1 < C]‘1] foralln € Tﬁ] and j. In addition, the first-, second- and the

third-order partial derivatives are all bounded!® almost surely foralll = 1,...,d,, then

2 3 . . .
8]n fact, for all %s ii(*), %Slj(') and msi j () because the covariates all have finite supports, see
our Lemma 3.

93



foreveryl =1,...,d,,

2% 9 9 o
53 0% = OC%lln =l as.
This rate also holds for 2 a — a Ins 8ij for similar reasons. It is the same logic to derive the

other term. Let [ix; = po, + r(yl po,1), then

8—2~ i11r1§~—2( - )a—21n§-‘+~ a—2—1r1s
g2t Gy TSI = ST B0 5 ST Bk 2 o

where, with probability one,

9? g = g2 d5; (951 _1 92 o
ran/ Nnsij = _SZ]( (17 170) anan, 1] (T] 770) (] ||T] 170”1)
xy 29 ,
Hkla 2817 < |l firll X ‘ 8r28_171ns” = Ol ik, il lln = noll3)

Therefore, forevery [ =1,...,d,,

2 9 . . ? . 9 5 3 2
Elﬁa_wlnsij 92#“377' l (] (L + |k 1) i = noll3 + T2l = mollalln - 770||1)

and hence,

J

82

Azk < YN/K sup E{ E Yz](a 35y In'sij(yo, 1m0 + r(n —10))
r€(0,1),n€Ty yeTH j=

0% 9
— (po +r(u— Ho))ﬁ% Ins;j(yo,no + (1 — 170)))}

<VYN/K  sup O (P (U lluolls + rll = gollo) i = nol + 2l = ol lig = ol
re(0,1)eTy), ueTh;

The inequality is element-wise. Since TIZ = {n : lln = nollL V lIn = noll2 £ rn} and
Tf] ={u:llu = pollh < 7rn,u} withry , rn,u — 0, then

Az = YNJKX Op(P(L+s)r% . + JPrnur g)
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Step 4 In this part, we derive the bound on A3 k. Since

? _® 82 Vi Pe
A - = i 1 ’ 1 7
3k = 8')/8‘)// N](VO/ Mk ) , N](y()/ 170) Z Z i (87/87/’ Ins ](7/0 nk) (9')/&‘)/’ ——— Ins; ]()/0 T]()))

i€l j=0

and y has fixed dimensions, without loss of generality, consider an entry of the matrix.

Foreachl,m =1,...,d,, consider the Taylor’s expansion of -—%— T 87/ Ins;j(yo,n) at n = no:
2 2 2
pr - Insij(yo, 1) = 19m In'sij(yo, m0) + (1 —10) 5 377 19m In's;;(y0,10) + o (Il —=10ll2)

Thus, it is sufficient to study the third-order partial derivatives. According to Lemma 3,

PR 5 9sij(yo, 1) 9sij(yo, 1) 9sij(yo, 1)
o 9y1dym tnsij(yo ) = 253" (vo, ) on’ Y1 IYm
TN (82517(%,17) Isij(yo, ) 9sij(yo,m) Isij(yo, )
i oy Oym oMym I
(9251']'(7/0172)951‘]'(7/0/77))
+
aymaYZ a’?’
3*sij(yo, 1)
+ 57 (v, n)—DL 2 Y
i (Yo, 1) EREI .

and all the partial derivatives are bounded almost surely: forany [,m =1,...,d,,

dsij(yo, 1) 9sij(yo, n) dsij(yo,n)

3
an/ a)/l an 8CData
92sij(yo,m) 9sij(yo,m) 9%sij(yo,n) dsij(yo, ) 93sij(yo,n) dsij(yo,n) < 12C°
on'dy MmOy yr ' Oymdy on’ Data
Psij(yo,
S/](yo n) Zlcg)ata
M oyidym ~

where the inequalities are element-wise. Therefore,

(16(: 3P +36C2J +21C7 ]) c3 . =0p(%

Han aayy il

and by the Holder’s inequality,

< Op(J?lln = noll)

2 2
I&yl&ymlnslj(yo,n) Tdvm In's;;(y0,M0)
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Hence, by the triangle inequality,

J
14slle < > > Yid2 Op (Pl = nolh) = Op

i€l j=0

N]?’T’N,n

K

Step 5 We derive the bound for Ay, which is a combination of our Step 2 and 4. The

same plus-and-minus technique can be applied such that

9? d
Agg = “097]3)/' N](Vo,no) k5= onay N]()/o,nk)

9? L) d
= Uo (anay, N](VO/W )_ ) (9)/’ N](Vofﬂk))

NG ? ®
(‘UO_,uk)(g (97// N](y()/rl )_ ) 8)/, N]()/OIWO))

2
(HO—Hk) N N](Vo,no)

Without loss of generality, forl =1,...,d,, let

B -

. 92 0
= Uo,1 a 8 ; N](Vofﬂo) 9 8)/' N](VO/T]k)

1.

2 (2 ik
Bff,)(,l = (#O,I_Pk,l)( Indy’ Ly (roi i) = ondy’ Nf

4kl

Similar to Step 4,

22
nedvm In's;j(yo, 1) —

SO

1) 2)
||B( aill+ ||B( sl < Ulpolly + Mo — fix, z||1)

2
= (o, — fix,1) ay,LN](Vo, o)

82
972 v ———Ins;i(y0, o)

? &
87/’ ;,}(7/0, 1m0) —

=0y (?(sy + o = e )Pk~ 770||1))
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o 770))

< Op(PPlln-noll1) forall g=1,.

d
a-)// N]

,dy

(7/0, le)

sm=1,...




Note that the rate for %;yz In's;j(yo,1n0) is Op(J?) for all I, so

SWR

®© el j=0
= Op(NJ?/K)

0
Han&y’ N](Vo,no) 8178)/ In's;;(y0,M0)

[o0]

and

2 A
@ NJ%|lpo,1 = ikl
1Bl = Op ( o

IB? ||, as well as ||B then

Combine the rates for ||B Iy

4kl||1’| 4kl||1’

Agx,1 = Op X

N (s + llpo, = el 1Ak = noll + NJ?llpo, — ﬁk,zlh)

as dy is fixed and finite. Hence,
lAsillr = 1Asiilli = N/K)Op (PG5 + v + )

Step6 Westudy the d,-by-d, matrix D%,M N7,4(y0) which includes the third-order deriva-
tives of Ins;j(yo, o). Foreachl,m =1,...,d,,

i aq —ZK: J L9 o) - =0 2 216000
K
1 2 9
1 1 7 1 i ;
kz N/K EZ[]Z(; (‘97/137/ Ay nsij(70i10) = yoq&y Vm 817’ nsij(0; 10)

We have discussed the rate for % In s;j(yo; o) in Step 4, which is Op(J 3), and it is

identical for Insij(yo;n0). See Lemma 3. Therefore, by the triangle inequality

20, 86 90
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and Holder’s inequality,

<2 e

=0

82
Y19Ym ‘977

52
I Mnyj,q(y0)| <

J

+ ||l po,qll1 X H In's;;(y0;10)

Ins;i(vo;
8%8y dyy (roim)

]
< Y Yi(0p(%) + O(s,]))
j=0

Op ((1 + Sy)]‘g)
Therefore, D%MN],q(yo) =Op((1+ SH)]?’).

Step 7 In this part, we prove the asymptotic normality for

N ]
1 d Jd
NY2Mnrk (yo; 0, o) = —— Yiis:(yo, )(—S"( ,1M0) — po=—5ii(Y0,1M0)
Jx(yoino, 4 N ;:1 ZO %55 (V0,10 | 57900, o) = pog g 5ij (o,

Since we allow | — oo as N — oo, we apply the Lindeberg-Feller central limit theorem
(e.g., Proposition 2.27 in Vaart, 1998). Note that Var(m;(yo; no, o)) may vary across N as
no = nno and po = pno actually depends on N, even if | < oo is fixed. We temporarily
highlight the subscript N for clarity. The Lindeberg’s condition that needs to be verified

in our setting is
Jim E llmni(yo; o, uno)lI3ILImNi (vo; vo, o)l = e\/ﬁ)] =0 foreverye >0

Foranyl,q=1,...,d,,
JN N
E[mni,1(y0; N0, ino)mNi g (Yo; 1IN0, pino)] = E{ Z Z YinikSi_jl(VO/ MN0)s i (Yo, N0)

j=0 k=0

0 0
(a—wsij(yo, 1N0) — HNo,la—n,Sij(Vo, nNo))
d J
(a—yqsik()/O; 11N0) — HNO,q 8—77,5ik(701 ﬂNo)) }

The integrand above is bounded by C; 2]N(l + 54, N)24CD almost surely because (i)

ta
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2o Yij = 1, (if) max; 571 (yo, o) < Cj'Jy and (i)

< 2(1+5y,N)CData

[o0]

d 0 0
max a_ylsij(VO;T]NO)_#NO,la_n,Sij()/O;UNO) < 2Cpata+lluno,ilh a—T],Sij(Vo,nNo)

j=1ee]n

Although the integrand diverges as N — oo, its rate is known as J3 (1 + 5,5 )?. Aslong as
IN(L+suN) = o(VN), for any € > 0, there exists large enough N, € N such that

N~Y2lmyi(yo; nno, uno)lla < € VN > N,

with probability one. Therefore, the Lindeberg’s condition holds when N 12151 +s uN) =
o(1). By the Lindeberg-Feller central limit theorem, if Var(myi(yo; NNo, ino)) — Zum, then

NY2Myx(yo; nno, ino) —d N(O, Zy)

Step 8 In this part, we prove the convergence in probability for D, Mnjk()o; 1o, to),
which is

1 N ] 2 82
= Z]ZY”(aya -Insij(yo, no) — Moan(?y' lnSz](Vo,no))

i=1

We want to prove that ||QM — Qumllr = op(1), where

J
3 i
Qu =E ]Z; Yij(W Insij(y0,m0) — [JOW In Sij(VO/no))

is the population analog. Since d,, is fixed and finite, an element-wise proof is sufficient.
For any m,l = 1,...,d,, let QM,ml and Qg be the (m,[)-th entry of QM and Qyy,

respectively. Obviously, Qa1 1 — QM w1 is mean zero. Since

< 2C;*J*Cpata +6C; ' JChy, < C'T?

(92
1 if 7
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for some constant C’ > 0 almost surely, where the first inequality is derived in Step 2 in
the Proof of Lemma , then

J 22 2
Yz’- In Sii , - m IIISZ" ,
]Z:(; ](aymayl i(0,10) — plo, v, i(yo 170))

J 9 o2
< Y —1 .. _ 1 ..
_]-:ZO if c9ym3y1 nSZJ(VOIWO) #O,m&nayl nsz](VOzT]O)
J 9 9
< 2, Yij Wlnsij(yolrl()) + || o,mll1 X Wlnsij()/o,no) _
J
<Y Yii(1+5s,)C'J?
=0

=(1+s,)C’J?, almost surely

where the first and second inequalities are by the triangle inequality and the Holder’s
inequality, and the last equality is by Z;ZO Yij = 1. Then, by the Hoeffding’s inequality for

bounded random variables, for any t > 0,

P (NIQM,ml = OQp,mil 2 f) < 2exp (_W)
U

suggesting that, for any € > 0,

|QM,ml - QM,ml'

[C'(1+s,)]?
N

by choosing ¢ > ~flog(2/€). Thus, [Qnt mi— Qg mi| = Op(\/N‘1C’(1 +5,,)J?) and converges
to zero in probability as long as N71(1 + s w)] 2 = 0(1), which is weaker than the condition
N711+s y)z J? = 0(1) required by the central limit theorem.

P

>t|<2exp (—tz) <e€
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E.5 Proof of Theorem 3

The proof is in the same logic as the Step 2, 3 and 8 in the proof of Theorem 2. It suffices
to verify the first condition

sup [[|Mnjx(y; Ak, fo)ll5 = IE[Mnyx (5 10, wo)1ll5| —p O
yel

Some algebra shows that

| M1k (7; fik, BlI5=IE[MNy (75 1m0, po)]ll3
= |Mnjx(7; ik, fix) = ELIMNjx (75 170, o)1l
+2 (Mnyx(y; ik, k) — E[IMngx (7510, 10)]) E[IMngx (7510, o))

By the triangle inequality,

IMnNyx(V; Ak, fix) = EIMNi& (v; 1o, po)lll2 < [IMNjx(V; Tk, fix) = Mgk (35 0, to)ll2
+ [[Mnjx(y; 1m0, po) — E[LMnjx(y; 10, 1o)]ll2

For the first term r1(y) := [|Mnjx(); fix, fik)—Mnjx (V; N0, po)|l2, by using the same empirical
process techniques, we need to derive the bounds (uniformly over I') on

A1k(y) = Gy ik (mi(y; Ak, fix) — mi(y; 1o, Ho))
Ap k(y) == VN/K (E [mi(y; ik, fix) | W=k] = E [m;(y;n0, to)])

which will be shown in Step 1and 2, respectively. The second term r,(y) := || Mnjk(); 10, to)—
E[Mnjx(y; M0, to)]ll2 is more difficult although it does not depend on #x and [ix . We will
be derived the bound through the supremum of the empirical process in Step 3. Finally,
we need to derive the rate for r3(y) := ||[E[Mnjx(y; no, to)]|l2 in Step 4. We will show that

sup ri(y) < N71/2

yer

sup [|A1x(y)ll2 + sup ||Az,k()/)||z)
yer yel

2
pr(L+su)rN, + PN
=Op ( I + p?(l + sy)rlz\]/77 + p%rN,er,,,

W
2(1+5,)
aprin=on (1)
Su? r3(y) = Op(ps(1 +s,))
VAS
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Then, by the Holder’s inequality,

sup [[|Mnyx(; Ak, fll5 = IEIMNyk(; m0, po)ll13] < sup(ri(y) + r2(y))?

yer yel
+ sup(r1(y) + r2(y)) X sup r3(y)
yel yel

Given that pj = Jlog N and s, = O(1), we have p% = J?(log N)? and the rates are smaller to
those in Theorem 2 (because N7 log N — 0 for any p > 0). Aslong as the rates in Eq.(4.8)

are satisfied, we have SUp, e 11 (y)+ SUp,cr r2(y) = op(1), so the proof is done as

sup ||| Mnyx(7; Ak, fi)ll3 = IBEIMN;k (75 10, to)]13] < sup r1(y) + sup ra(y) = op(1)
yel yel yel

Step1 To show A k(y), we need to work on
d d
Biii(y) = I In's;j(y,n) = 7 =—Insii(y, 10)
. ) J
By i(y) = Mo,la—n, Ins;j(y,no) — Mza—n, Ins;i(y,n)

for some k = 1,...,Kand | = 1,...,dy. By the Taylor’s expansion, Lemma 3 and
Assumption 9,

92 0 Jd 0
H Ins;i(y, 170) p Sl](y o) ‘9’? (9)/ sij(y,10)

_ -2
oy = s

+ m]ax Szjl()/ o)

(o]

< sup maxs; 2(7/ no)O(CDam)+supmaxs 1()/ no)O(CDam)
yel ] yer ]

= O(p%) almost surely,

Then, we can similarly derive that sup, . [B1k,(y)| = O (p?lln - r]0||1) and

sup B, (7)) = O (p2(lo, I + llto = lln)lln = noll + pyllo, = gl
yer

almost surely. Hence,

sup || A1 ()2 = OP(P](l + SNy + PITN )
yerl
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Step2 Let

fi(r) == E [mi(y;no + r(fix —no), po + r(fik — o)) | W] = E [mi(y;no, wo)l, r€[0,1]
so Az x = YN/Kfx(1) and fk(1) = f/’(r)/2 for some 7 € (0,1) by the Taylor’s expansion.

Here 7 may depend on y € I'. The second-order derivative

rz

” (9 .
L (r) = E[ Z Yij_(a—y, Ins;j(y,no + r(fix — o))
j
N d R
— (o + r(fix — #o))a—n, Ins;i(y,no + r(fix — T]o))) | W—kl

Now letsj; := s;j(y,no + r(n —1o)). Since forany [ = 1,...,4d,,

o N - B 9. ., T J
ﬁa—yllnsz; =28}, (%sz,-(n—no)) a—ylsz]—sij (1 =10) (Ws” (77_770)8_7/[51]

) e »F
_~—2 . a.. _ - _ ~—1 _ - _
Sij (aT]Sl]) (n = o) (anaylsﬁ) (n—mo) + Sij (n —1o) aT]aT]'aVZSZ](n 10)
then, by Lemma 3, the Holder’s inequality, the triangle inequality and Assumption 9,

82
sup

~ 3 _ 2
e ﬁa—yllnsz] = O(P]”’? T]O”g), a.s.

Let fix,; = po,; + r(p — po,1), since

—82 [ _8 InS;; =2(u; — )_82 Ins;; + [ —82 _8 Ins;;
and
2% 0 2% 0
~ ~ < ~ ~ < O 3 ~ _ 2 s.,
”"'l_arz_an In§;| < ||Hk,z||1><s;g, i s, = (prllaklllin =nolly) a-s

then, by taking supremum over I' on both sides,

8|2 9 s - L h L ngy| =0 (i S+ p7
sup 2o nSz]_ﬁHk,la_n, ng;| = (P]( + |l fix11l1) ||77—770||2+P]||M—H0,z||1||77—170||1)
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Therefore,

sup |[Az k|| = VN/K % Op(p](l + s“)rN ot p]rN u"N )
yel

Step 3 Recall that

N
1
Mnjx(y; 1o, to) — E[Mnjx(y; 10, to)] = N Z m;(y; 1o, ko) — E[m;(y; 1o, o))
i1

It suffices to consider

1
sup | D mayino, o) = Elma(y; no, )]
yel i—1

1
foranyl=1,...,d,.

We introduce the empirical process notations. Without loss of generality, let f,(W;) :=
m;1(y; No, to) which is a mapping from R toRand d = O(] + dg) is the dimension? of the
data vector W;. Alsolet ¥ := {f,(-) | y € I'} and ||Py — P||# := SUp e IN—1 Zf\il f(W;) -
E[f(W;)]|. Notice that

Iy — PllF = [Py = Pllr := sup N~ ny(m ELf,(Wi)]|
yel“ i=1

Then, by the Markov’s inequality, for any ¢ > 0,
B([y = Pllr > £) < t'N"/2E[VN|[By — P|lr]

Thus, to show the convergence in probability, it suffices to discuss the convergence of the
supremum of the empirical process. Since f, (W;) is a smooth function in y, by the Taylor’s
expansion and the Holder’s inequality

fri(Wi) = f,(Wi) = mir(y1; 10, o) — min(y2; Mo, to)
, d
=(1—72) —mil()/z; Mo, ko) + o(lly1 = y2ll2)

/ o~ o)
< [ly1 = y2ll2 X Z i3 In's;j(y2,1m0) — uo1ayan, In's;;(y2,1M0)
y
2

¥d = ] + dx + dg in the exogenous case and d = 2] + dx(d. + dg) in the endogenous case.
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In Step 1, we show that for every j, l and y €T,

= O(p%) almost surely

0>
Ins;
Hc%z’&V eyl

The rate is the same for ay Ins;j(y,no). Thus, for some large constant C > 0 (only

/ay
depends on Cpg¢q)

J 2 2

Z i3 Ins;j(y2,m0) — umayan,lnsz](yz,no) <C(1+SH)P]/ a.s.

=0 2

and [f,,(Wi) = fr,(Wi)| < [ly1 = p2l2C(1 + s“)p2 In other words, f,(W;) is Lipschitz in
the index parameter y with respect to the Euclidean distance || - ||. Moreover, for some

constant ¢; > 0 (only depends on Cpgtq),

fy(Wi) = ZYz]SU 7, 770)( sij(y,1m0) — [JOlaa,Sz](V 170))

< sup maxs;; Yy, 1m0) x sup
yel j yel

< Clp](l + S‘u)

0 %
3 =—sij(y, o) — HO,la_n,Sij()/, 10)

where the third line is by the triangle inequality, the Holder’s inequality and Lemma 3.
Thus, Fi(w) := c1pj(1 + s,) is the envelope function. As p; — oo, define the constant
function F(w) := C(1 + sy)p? > Fi(w) with some constant C > 0. By Theorem 2.7.11 in
Van Der Vaart and Wellner (1996), the bracketing number

Np2ellFllp2, F, 11 - llp2) < N(e, I, || - []2)

is bounded by the covering number associated with the Ly-norm [|X||p2 = ([ X?dP)'/2
and the Euclidean norm || - |[. Given the constant function F(w), ||F|lpo = C(1 +
sy)p?(f 1dP)Y2 = Cc(1 + sy)p%. Since T ¢ R% is a bounded subset with fixed dimen-
sions, then

26V < N(e, T, | - l2) < cze™

for some constant 0 < c2 < 1 < ¢3 < oo depending on the volume of I', according to
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Lemma 2.7 in Sen (2022). Therefore, for any € > 0,
log Npj(e, 7, Il - Ip,2) < log 2c3|[Fllp 267"
By the maximal inequality with bracketing (Theorem 4.12, Sen, 2022),
E[VNI[Px = PlIr] < caJiy(IFllp,2, F U {0}, I - IIp,2)

where the bracketing integral

IEllp,2
TIE P2, 7 U {0}, La(P)) = é JIog Ny(&, 7 U {0}, [ - Ip 2)de

IFllp,2
< / Jlog2¢s[Fllp 2671
0

1
203
:2c3||P||p,2/ > Jlog t-1dt
0

< csl|Fllp2

for some constant cy, c5 > 0. The third lineis by letting & = 2¢3||F||p 2t (s0dE = 2c3]||F||p2dt)
and the fourth line is because fol vlog t~1dt is a converged? integral (cf. Dudley’s inequal-
ity, Ch.8, Vershynin, 2018). Then,

(1+sy)p?
E[||Py — Pllr] < N~Y2cycs|F|lpp = O | ———
VN
and hence,
N 2
1 (1+Sy)P]
sup |—= > mii(y;no, po) — Elmi1(y; no, po)l| = Op | ———
YGIF)NIZ‘Iynu ity 1Mo, Y VN

Repeat the procedure for each coordinate I =1, ..., d, and obtain

sup || Mnjk(y;no, po) — E[Mnjx(y; 10, to)]ll2 = Op
yel

VN

2t is known that lim, e In(x)/x? = 0 for any p > 0. Equivalently, lim, % = 0. Although

(1+ Sy)P%)

limy 0 1/yP = oo, fol 1/yPdx converges (so it is finite) when p < 1, suggesting /01 log %dy also converges.

Hence, /01 log %dy converges.
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Remark 3. By the definition,By Assumption 9, Sup, . Max; sl._].1 (y,10) = O(py) with proba-
bility one. By,

0 J
—5ji — —5;i <1 .S.
a)/lSl](yl 770) Ho,1 917’51](7/’ 770) <1+ S,u)CData a.s

Combining with the rate pj, we have the score

lmii(y;no, wo)l < Cpy(1+5s,) as.

bounded for every y € I' and some constant C > 0. By the Hoeffding’s inequality, we can

prove that for each /,

d

so ||[Mnjk(v; no, po) —E[Mnik(¥; 1o, to)]ll2 = Op(p;(1 +Sy)/\/ﬁ) forevery y € I'. Although
it has been proved to be true, we cannot simply take supremum on both sides and then

2N t2

N
1
— > mi(y;no, ko) — E[mii(y;no, o)) —
N ; 1 Z CZP%(l + Sy)z

> t) < 2exp (—

claim the supremum is also at the rate pj(1 +s,)/ VN. The supremum is not necessarily
mean zero if N1 Z?; mii(y;no, to) — E[mi1(y; 10, po)] is mean zero.

Step 4 Finally, we discuss the rate r3(y) := ||[E[Mnjk(y; 70, po)lll2 = [[E[mi(y;no, po)]ll2-
We have shown in the remark above that for each [,

sup |m;(y;no, ko)l < Cpj(1 +s4) a.s.

yel
Then,
d,
sup r3(y) = sup Z (Elma(y; 10, to)])*
yer vel T3
dy 2
< Z sup E[m;;(y; 1o, Mo)])
=1 yel
d‘)/

<
=1
< O(pA(1 +5,)%)

2
E sup mii(y;no, uo))
yel

where the second inequality is because the expectation of supremum is greater than the
supremum of expectation. Therefore, sup,,cr r3(y) = O(py(1 +s,)).
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E.6 Proof of Theorem 4

Our proof is a corollary of Andrews (1999, Theorem 3). Assumption 6 suffices for his
Assumption 2% given that (i) the log-likelihood function is well-defined and continuously
differentiable over the whole real vector space, and (ii) © is either R% or the product
of R’s and [0, o). It is worth noting that his objective function In(0) (we use N instead
of T) is aggregated and he requires N~'Iy(0) —p 1(0) for some [(0) uniformly, but we
have Mnjx(0) divided by N. Hence, to plug in his result, Ix(0) = N||MN]K(6)||§ SO
N=tIN(60) = ||Mnjk(6)]|3, which converges to ||M(9)||§ by the continuous mapping theory

and

1 9 (0, . ~RMLE J . —
N/K a)/LN](y,r] ) —p E 87/L()/,no) forany k=1,...,K

Assumption 7 and 8 are enough for his Assumption 3 that we proved

N'2D, ||Mnjk (yo; i, )13 =4 2QuN (0, Zum)
D2 [|Mnjk (yo; f, DI —p 2QmQ),

Assumption 9 and Theorem 3 satisfy his Assumption 1. His Assumption 4 holds according
to his Theorem 1. His Assumption 5 and 6 are automatically satisfied given the structure
of ® and the common convergence rate VN. Then, by his Theorem 3,

VN(FPML — y0) —,; 7 = argmin (& + N (0, Vi) QuQ},; (£ + N(0, Vi)
&€l (yo)

where Vy; = (QMQ}M)‘lﬂMZMQ;\A(QMQ;\A)‘l = QX/}ZMQX/}. One important point to
emphasize is the quadratic approximation. In his Theorem 3, the third result says that

IN(B) = IN(6y) =4 %)AV T A. The quadratic approximation in our case is

- A ~ A 1 ., ,\ n ANID ~
| Mn1x(PEPMEA, DI - |Mnjx(yo; ), DI ~ “5n7 DZ||Mnjx(PSPME;A, 157

and hence

N (||MN]K(77CDML;17, I3 = IMnyx(yo; A, ﬁ)“%) —q =7 OmQ,, 7

The details of derivations are provided in Appendix F.4 and E5.
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F Auxiliary Results

F.1 Derivatives of the Log-likelihood

To be clear, for the k-by-1 vector x = (x1, ..., x4)" and the function y = (y1(x), ..., y,(x)),

we use the following notations

d 0 0
Dx]/l(x) = %}/I(x) = a—xlm(X) a—xdm(X)
0 0
8_x1yl(x) e 8_xdy1(x)
d
ny(x) = E]/(x) = : :
D
Jx1 Ypix 8xdyp *
Dy yi(x) = (Dxy1(x))’, Dyxy(x) = (Dxy(x))
2 2
P &_x%yl(x) dx,0x1 i)
D2y (x) = -y1(x) = : - :
dxdx P P
dx109xy nix) - (9_x§yl(x)

Note that D,y1(x) is 1-by-d and D, y1(x) is d-by-1. For clarity, we suppress the subscripts
such as N, | and T. We use different notations for dimensions but they are unambiguous.
we plug in the logit probability for the function L(y; 7). Recallthat L(0) := X, 3}; 2.; Yije log siji (0),
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then

DgL(6) = Z Z Z YijtS,-_j}(G)De'Sijt(Q)
toi

D3LO) = 3" 3" 3" Yt | ~5;(0)Dersi(0)Dosin(0) + s (0)D3si (0) |
toi

& 5, 0 J d
00130,30,, L) = Zt: Z Z]: YZ]t{zsijt (Q)a_gksz]t(@)a_elsz]t(e)ﬁsz]t(e)
(92

Sl]t(e) Sz]t(6)+ 90,90,

z]t( )lae 90, Sl]t(e) Szjt(e)

l]t(e) Sljt(e)l

(93
00100,00,,

89189

1]t( ) Sijt(e)} Vk,I,m

It suffices to derive the first, second and third partial derivatives for s;;;(0). With the

interchangeability of the integral and the derivative,

Si]'t(Q):/lpj(wi-t)ﬁb(vi)dvi

0
a_gksi]'f(e):/aiekkbj(a)i-t)(]b(vi)dvi
J P)
aekaelsijt(g):/ml}bj(a)i.t)(]b(vi)dw
J

d
msu’t(e)—/mybj(a)i.t)(ﬁ)(w)dw

where w;+ = (witt, . .., wij+) and the logit probability (also known as the soft-max func-
tion) for the product j is

exp(wijt)
1+ X exp(wijit)

We temporarily drop the subscript 7, t and the dot without loss of generality. By the chain

Vi(wit) =

rule,

% 1% d
8_9](110](0)) = Zq: awq¢j(w)86kw

Hopefully, w, is a linear function of 0, so a%ka)q is no longer a function of 0y which helps
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simplify the second and third-order of derivatives:

i i J 9
36,96, V1) = Z Zq: Faraw, V156, 56,

P P J a d
36ma0196; V1) = Z‘ Z‘ Zq: andwrdw, 36, 96, 36,1

There are some nice properties of the soft-max function: it is continuously differentiable

for all real vectors w and bounded:

J ) = exp(w;) ~ exp(wj) exp(w;) (o) D2
Jd . exp(wj) exp(wg) o ~ .
_8a)q lab](CU) = 1+ Zj’ exp(a)]-r))z = ¢](w)¢q(w) €(-1,0) for g#j

Equivalently, %gbj(a)) = y(w)[I[g = j] = Yj(w)] and hence,
q

2
T 05(@) = (11 = /1= 01(0) 5o 0) = Y@t )

= (Ilg = j1 = ¥j(@)) Yr(@)lIlr = q] = Pg(@)] = Pg(@)ppr(@)I[r = j] = Pj(w)]
= Yr()l[r = q =jl - p)pg(w) Ulg = jI+1[r = j]) = Pr(@)pj(@)I[r = q]

dw,dwy

+2¢ (0)¢g(0)Yj(w)
which is still bounded (e.g., by [-5, 5]) for any w. Similarly,
?° .
3wr8a)q8wtl’bj(w) = Y(@)lIlr = t] = ¢r(@)Ilr =g =]

+ (g = jl1+1r = jDye(@) (Ilr = t] = (@) + 1[q = t] - P4(w))
+1[r = qlyr(w) (I[r = t] = ¥r(@) +I[j = t] = j(w))
+2¢,(w) [I[r = 1+ 1[q = t] +I[] = t] = (@) = Yy(@) = Pj(w)]

which is also bounded.
Second, we prove the following important lemma which helps derive the rates of the

derivatives.

Lemma 3. Suppose that w;j = Wij01 + Z;jv;0, where the random variables |W;j| < C and
|Zij| < C for some constant 0 < C < oo have bounded supports. Additionally, assume that
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(Wij, Zij) is independent of v;. Then, for any k,I,m = 1,2,

a3
00,0000}

) P2 ,
—SZ‘]‘(Q) <2C, —Si]'(e) <6C* and

(0) < 21C3
90, 20,00, 5ij(0) <

with probability one, where w; = (wi1, . . ., wij).

The proof is based on the fact that ¢;(w;) € [0,1] and Z;zl Vi(w;i) =1 - 1o(w;) for all
w; and j. Since w;; is linear in O1and 0, then dw;;/d01 = Wij and dw;;/d0> = Z;jv;. Then,

J : . J
g7 Vil = ; Va(@lllg = 1= (@l 5o-wi
) 9 ?
= (9i(@) - 9}(@n) g5 = 3 valwi(wn) za-wi
q9#]
= (l,bj(wi) - l,b]z(a)i)) 8161{601‘]' — (1 = yo(wi) - d’j(a)i))ll/j(wi)&igkwiq
We take the expectation over v; on both sides:
d d
so-5i(6) = [ (vl - v2@)) g2
d
- [ gatw) = @i 55-wig e

For the first term,
e when k =1, since 0 < 4(w;)¢j(w;) < 1for any g and w;,
[ (vt = y2@) Wygav =iy [ (916 - ywn) gtidvi < € [ v =
e when k =2,
[ (vt = v2@)) Zimigavi = 2 [ (4w = 3(@0) vigtvpay
<-C [vi<0} viqb(vi)dvi +C [Vi>0} viqb(vi)dvi
<2C ip(vi)dv;
/{Vi>0} vip(vi)dv
—\2/nC<C
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where we use the (0, 1) bound again in the second line, and the last line is by?' the

Gamma function I'(1) = 1:
/ vim) Y2 iy, = (2m) 12 / @e‘tﬁdt = (2n)1?1(1)
0 0 2Vt

The second term can be shown similarly using the fact that (1 — Yo(w;) — (@) j(w;) is
between [0, 1]. Therefore,

i sij(0)| <2C

i

Next,
92 9 ) )
Fo.90 Vi@ = Z ; Seocda: V(@) 3w 5 i

= 3 3 (#itr = g = 1= prtdy(@) g = 1+ 17 = 1)
roq

d d

- Ebr(wi)lgbj(a)i)l[r = q])ae wzra

%
+ Z Z 2¢r(wi)¢q(wi)¢j(wi)a_elwir8_91(a)i¢7

0
¢](wl)86 Wij 3~ 89 Z lpr(a)z)w](a) )86 C')zr a)'j

J
—Zz,w](w (i) oo ST 50 86 Zwr(w»ww) S5 i 3g

0
+ Z ; 2¢r(wi>¢q(wi>¢j<wf>a—elwwa—gkww

2 Another way to think about this is through the mean of the half-normal distribution. If Y = |X]| and
|X| ~ N(0, 02), then Y follows a half-normal distribution with the density function

\/E 2
f) = e (-], vz

and mean E[Y] = %ﬂﬁ In our case, 0 = 1 and /v_>0 vi®(dv;) = %E[Y] =1/V2m.
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Recall that there are four combinations:

Jd d WirZigvi ifl=1,k=2
I35 Wir5 45 Wig =
90~ IOk Wi Zipvi ifl=2,k=1

ZigZipv: ifl=2,k=2

The first three cases are essentially the same as previous case so the upper bounds are just
C2: for any function ¢(v;) € [0, 1],

0 %
/g(vi)a—elwija—eka)ijqb(vi)dvi
| Wi Wi p(vidvi < C [ ¢p(vi)dv; = C? ifl=1k=1
[ §(wi)Wir Zigvigp(vi)dv; < C22 fo"" vip(vi)dv; = 42/nC? ifl =1,k =2

The last one seems different but has the same upper bound because v? > 0, and hence,
/ ZigZipvip(vi)dvi < C*Var(v;) = C?

Thus, ,
d
‘—Sij(e)

< 6C2
00,00 -

Finally, for the third-order derivative, there are eight combinations

WirWquit ifl=1,k=1m=1
WirWiqutVi ifl = 1,k = 1,m =2
WirZquitvi ifl=1,k=2m=1
J J J WirZigZipv? ifl=1,k=2,m =2
290 Wit wirae Wig = 3 )
m l k Zirwiqwitvi ifl=2,k=1m=1
ZiWigZipv? ifl=2,k=1,m =2
ZipZigWiv? ifl=2,k=2,m=1
ZipZigZyv? f1=2,k=2,m=2

It suffices to verify that f_O; ZirZiqutV?qb(vi)dvi is bounded. Letting x = v?/Z (sovi = V2x
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and dv;/dx = 1/V2x)

(271)—1/ Vv3evilPdy; = n_1/ xedx =nT'T(2) =n""!
0 0

Hence,

/ Zi,Ziqutvfcp(vi)dvi < 2C3/ v?qb(vi)dv,- < C?
- 0

[o0]

Some algebra shows that
d

d0r00,00,,

as there are 21 terms that are between 0 and 1 in the summation.

<21C8

sijt(0)

The generalization to vectors 0; and 0, are straightforward as long as Var(v;) is

diagonal.

F.2 Implicit Differentiation in BLP Models

In this section, we derive the derivatives while using contraction mapping to obtain
6 =06(0) := 0(B°, *). By the chain-rule,

d _ d
%LN]T(Q) = Zt: Zl: Z]l Ejtsij}(e)%sijt(é(a)/ 0)

Since s;jt = f Vi(wit)@(vi)dv;, interchange the integral and the partial derivative and then

dSl" . . .

5 = f %gb]-(a)i,t)cp(vi)dvi. According to the previous section, a%ol,b]-(wi‘t) =2 %ngj(wi‘t)&%}wiqt
dwg _ gt ttigt dwg _ 9Oqt  Oflige
aﬁo - aﬁo aﬁo aﬁ” - aﬁ“ 8ﬁ"

but now + . Similarly, + . By the implicit differentiation,

90gt(B°,B") _ (Isqu(d4,8°, ")\ Isqu(04,°, B)
ape 96t dp°

doq:(B°, B") _ _ dsqi (0., B%, B*) ! ds4: (0.4, B%, B*)
a:Bu - aéqt 85”
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where

_ exp(Oq¢ + Uigt)
1+ Zj’ eXp((S]'rt + [Jz’jt)

dsqr(0.4, 8%, B") / exp(dgt + ligt) AP
= Hi-t

641 1+ ij exp(0ji + uijt)

= /l/’q(wi-t) (1-vg(wir)) APy,
= %Z / Yo(wit(vi) (1 — Yg(wit(vi))) d(vi)dvi

is uniformly bounded?? between 0 and 1, and

541 (6.1, :
sat fﬁ 5):—2 / qu(a}zf) ~ Pylwir) %Z’tqﬂv v,

Here #,,, is the probability measure of u;.;. Combine the results and we obtain

J 0 pu
556(0),0 = [ 3 (14g = ) = putan) | LT+ S gy
q=1

d
To calculate %Siﬁ(é(@), 0), it suffices to first calculate the partial derivatives with respect

to f° and p* asif 0 is given as data, then calculate %s,’jt plugging in the partial derivatives.

F.3 Derivatives of the SMM objective function

By the definition, the objective function is ||Mn(9)||§ =|n 13" Z] _oYij - §ij(6))Zij||%.

The first-order derivative is
Do|M4(0)|I5 = 2[DoM,(0)] My (0)

where the dg-by-dg matrix

Do M;,(0) = ZZZI]DQSU(@) __ZZZ”B ZSZ]b(G)Z(I{k _]} 1kb(6)) dwzkb(e)

i=1 j=0 i=1 j=0

2]ts inverse, however, has an increasing upper bound that grows at the rate of O(J) almost surely (cf. the
previously derivatives with respect to 0).
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The second-order derivative is

d
D2IIM,(0)II3 = 2 [DyM(y)] DyM(y) + Y 2M;(y)D2M;(y)
j=1

F.4 Quadratic Approximation (QA)

We revisit the quadratic approximation in Andrews (1999) for references. To show that

F00) + Dyf(ro)(y = y0) + 507 = 70V DA (ro)(y = 10) + Ry, y0)
= F(0) = 3D, 00 [D3 G0 ] Dy fl0) + 5354 (VR Gy = 7o) + Ry, o)
with
9(x) = (x + [D3£00)] 7 NV2Dyf0) DEF(yo) (x + [D2£ (o)) NY2Dy (o)

Firstly, expand the quadratic term g(x) and use the fact that D72/ f(y0) is symmetric,

q(x) =x'D3 f(yo)x
+N'2D, f(y0) [D2£(y0)] " D2f (o) [D2F(70)] " N'2Dy £ (30)
+x'D2f(y0) [D2f(y0)] " NY2Dy £ ()
+NY2D, f(y0) [D2f(y0)] " D2f(yo)x

=x'D2f(y0)x + ND, f(0) [D2f ()]~ Dy f(y0)
+2N'2D,, f(yo)x

Plugging in x = VN(y — y0), then

S AOVRG=y0) = 5070/ D2£ o) r=y0)+ 3Dy (1) [D£(0)] ™ Dy (r0)+Dy £ 0)r=0)

Rearrange the equation and the proof is done.

Another interesting result is about the difference:

f) = f(yo) = _%D)/f (y0) [D3 £ (70 | "Dy f(yo) + %q(\/ﬁ (7 =70) + R(y, 0)

For simplicity, assume that R(y, y0) = 0 for all y. To solve inf,ece f(y) — f()0), or equiv-
alently, inf, ce f()), it is identical to solve inf, (2N )‘1q(\/ﬁ (¥ = y0)). Since our O is the
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product of R’s and [0, o0)’s, then the shifted parameter space ® — 6y is either the prod-
uct of only R’s (if 0;’s are all positive numbers) or the product of R’s and [0, c0)’s (if at
least one ¢; = 0). This suggests VN(©® - 0y) = © — 0, so inny@(ZN)_lq(\/ﬁ(y -0)) =
inf,c@-g,(2N )"1q(y). Note that g(-) is a quadratic function. If DJZ/ f(yo) is positive (semi-

)definite, then ./ x’D)Z, f(y0)x induced a (semi-)norm || - || and

1/2 ’ 1.1
V€1(£)1f60q P = mf@o ly + [D3f(yo)] " N'2Dy f(yo)l

The solution, denoted by ¥, is the projection of [D2 f (7/0)] N2D,, f(y0) onto ©® — 6p. An-
drews (1999) claims the orthogonal property that )/’D2 f(yo)F+|D )2, f(o)] NV 2Dy f(y0)) =
0. To see this, if ® — 6y = [0, ) and DV f(yo) = 1 so that || - || is the Euclidean norm,
then = 0 if NY2D,, f(y9) > 0 and 7# = —=NY2D,,f(y) if N'2D,, f(y0) < 0. Hence,

’sz()/o)y = —)/’Nl/zD ' f(y0). Therefore, if y minimizes f()) over ©, then plug in the
formula of g(x) and

£9) = F0) = =50, 700 [D2F (oY) ™ Dy ) + 300(7)
= o (FD2F 007 +2N'2D, £(0)7)
= o (VD3 007 - 27 D2 (0)7)
D3 f(y0)7

which is the 3(c) in Theorem 3 in Andrews (1999).

F.5 QA of the CDML Loss

Next, we plug in the CDML objective function f(y) = ||M(7/)||2 which is the squared
l-norm of a d-by-1 vector. By the definition, ||M ()/)||2 Z i=1 MZ()/) then some algebra
shows
d d
D, IM()I3 = > D, M3(y) = > 2M;(y)D, Mj(y)
j=1 j=1
Dy Mi(y) -+ DyMa(y) \[ Ma(y)

Il
N

Dy, Mi(y) -+ Dy,Ma(y) J\ Ma(y)
=2[DyM(y)] M(y)
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d M;(y)Dy, Mj(y)
D2IM()I = > 2D, :

/=1 M;(y)D,,M;(y)

f Dy, [Mj()DyMj(»)] -+ Dy, [Mj()Dy Mj(y)]
-Y'2 : E 5

=\ D, [Mi()D,,M;(3)] i Dy, [Mi(y)Dy,M;()]
d Dy -+ Dm
222 : oo

j=1 Dy -+ Dy

where Dy := [D,,M;(y))] Dy, M;() + Mj(y) Dy, Dy,M;(y)]

Zz »M;j(7)] Dy M;(y) + 2M;(y)D2M;(y)

d
=2 D, M(y)] DyM(y) + > 2M;(y)D2M;(y)
j=1

and if the remainder term is 0, by the previous subsection,

, 1., _
M = IMO)I; = =557 DY IMO)I37

where y = arg minye(a ||M()7)||% and

. . -1 ’
7 = argmin (x + [DilIM(Vo)H%] Nl/sz”M(VO)”%)
xe@—@o

-1
DM (x + [DIMGo)IE] ™ NY2D, IM(0)I3)

We further plug in the score function. Given M(y) = D,-L(y;n)—uD, L(y;1), obviously

M;j(y) = Dy,L(y;n) — ujDnL(y; ) and Dy, M;(y) = Dy, Dy, L(y; 1) — 1Dy, DyL(y; 1), where
u; is the j-th row of u . Then,

Dy, Dy, L(y;n) = 1Dy, DyL(y;n) -+ Dy, Dy,L(y;n) = aDy, DyL(y;n)
Dy M(y) = : :
D,,D,,L(y;n) — u1D,,DyL(y;n) -+ Dy, Dy L(y;n) — waD,,DyL(y; 1)
= D;L(y;1) = DyyL(y; My’
D2M;(y) = DDy, L(y;n) = D2u;DyL(y; 1)
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Note that D, M(y) is not symmetric even at the true value (y, 1, 1) = (Yo, 10, to)- For the
second equation, the first term, as the third-order derivative, is simpler:

Di1i -+ Duiq:
11j d1j 3

J
2 C) . . . - )
DyD,,L(y;n) =| . where Dyy; : aykaylaij(%”)
Dygj -+ Dagj

The second termis more tricky as y; is a 1-by-p vectorand u; D, L(y; 1) = ZZ:l tig Dy, L(y; 1),

hence,

r
D3 uiDyL(y;1) = Z wjgDZ Dy L(y;1)

g=1
p Lllq T Ldlq 83
= ~ Do where Ly, := ——————L(y;
; Hiq : klg 370719 (¥;1n)
I Ligg -+ Ladg

F.6 QA of the Generalized CDML Loss

The generalized CDML loss function contains a GMM-type weighting matrix f(y) =
M(y)YWM(y) = Z}izl Zi:l M;(y)Mk(y)Wijk, where W is assumed to be symmetric.

F.7 Non-negative Quadratic Programming

Consider the following quadratic programming problem with a non-negative constraint
on the scalar x;:
A C

min (x] + b}, x), + b)) 5 D

X1 eRd,xZZO

X1+b1
XZ-I-bz

Here A € R¥ is assumed symmetric and positive definite, D > 0, B is a d-by-1 vector and

C is a 1-by-d vector. Expand the quadratic function and we obtain the objective function
(x1 + bl)’A(xl + bl) + (XQ + bz)C(xl + bl) + (x1 + bl)'B(xz + bz) + (x2 + bz)zD
The associated Lagrangian is

L(x, /\) = (x1 + bl)'A(xl + bl) + (XQ + bz)(c + B')(x1 + bl) + (xz + bz)zD — /\Xz, A>0
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Then, the first-order conditions are

Vle(x, A) = 2A'(x1 + 171) + (Cl + B)(XZ + bz) =0
Vi, L(x,A) = (C+ B)(x1 + b1) +2D(x2 + b)) —A =0

and the complement slackness condition is
A>0 and Ax; =0
When x3 =0,

X = —%A‘l(C' +B)bp—b; and A*= (2D - %(c +BHYATY(C + B)) by

where A* > 0 needs to be verified. When A* <0,
x;=-b1 and x;=-b;
F.8 Inequalities

Lemma 4. Forany A € R™" and b € R™, the following inequality holds

|AD|l2 < [[Allelbll2
where ||Allr = (X1, Z}”:l Afj is the Frobenius norm and ||b|l, = /X%, bf is the Euclidean
norm.

Proof of Lemma 4. 1t suffices to show that ||Ab||§ < ||A||%||b||§. Let A;. be the i-th row of A,
then

2
1ABIE = > (Awb)? = > (Z Aijb]-) <> (Z Afj)(z bf) = (Z bf)( Afj)
i=1 i=1 \ j=1 j=1 i=1 j=1

i=1 \ /=1 j=1

=

= |IblI3IIAl%

where we apply Cauchy-Schwarz inequality (Z}”:l Aijbj)z < (Z}”:l Af].)(z;-”:l b]2.) to com-
plete the proof. O

Lemma 5 (McDiarmid’s Inequality). Suppose that Xy, ..., X, € X are independent random
vectors and Z = f(X1, ..., Xy) is a random variable where f has the bounded difference property:
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there exists some non-negative constants c1, . .., ¢y such that
E|f(X1,. o, Xn) —f(Xl, .. .,Xi_l,X;,XiJrl, o, X)) <6, 1<i<n

Then,
2

n 2
i=1C;

P(|1Z -E[Z]| > t) < 2exp (— ) forallt >0

Lemma 6 (Kennedy, 2023). Let f(W;, 0) be a d-dimensional vector-valued function of data W;
and a parameter O € ©. Let O € O be the estimator from a sample WN = (Wpst,...,WyN), P
denote the measure conditional on WN, and P,, denote the empirical measure over i.i.d. samples
W™ = (Wi, ..., Wy), which is independent of WN. Then,

1. If d =1, then

Gu(f(6) - £(0)) = V(B — ) (D) - £(0)) = Oz -

P[(f(6) - f(9))2])

2. Forany d € N,

By (I, F@OI T WN| < B [11£(D) - FO)I | WY |

Proof of Lemma 6. The key idea in the proof is that  can be taken as a constant con-
ditional on WN. The first result is directly from Kennedy et al. (2020) and we ex-
cerpt the proof here for readers’ references. Notice that the empirical process term
Gy, (f(é)) =nl/2 [Pnf(é) — Pf(é)] has mean zero conditional on WV since

By |Bu(f(6) - £(6)) | WN| = Bwr |£(6) - £(6) | W] = B(£(D) - £(6)
By the i.i.d. assumption, the conditional variance is
Var (Ca(£(0) = £(0)) | W) = Var (n'/2P.(£(6) - £(0)) | WY)
=n7Var (f(6) - £(0) | WN)
=t {Ewn |(£(0) = £ | WN| = (Bw, | £6) - £(0) wN])Z}
< n”'B(f(6) - (0))*
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Then, by the law of iterated expectation and Chebyshev’s inequality,

GO -fO) |\ _glp,|_ GO -F(0)

\/n—lp( £(0) - £(0))? _ \/n—lP(f (0) - £(0))?
| Var (Ga(£(9) - f(0) | WV)
2 no1B(f(6) - £(0))2

> t‘WN

<E

<t2

For any given € > 0, one can pick t = €1/2 and the proof is done.
The second result is mentioned in Chernozhukov et al. (2018, C56) but we have the

inequality. The proof is quite similar. The conditional variance is now a d-by-d matrix:
Bw, |71 Gu(£(0) - F(O)C.(F(D) = f(0)) | WN| = Var (072G, (£(D) - f(0)) | WY)
— nWar (f(é) — £(0) | wN)
=n'{(£6) - £0)) (£O) - F0)) }
—n e (£0) - f@) B (£0) - F0)}

where the first line is because of the zero conditional mean. Drop the n™! and take trace
on both sides, and we obtain

B, |IGa(£(0) = FONIE I WN | = Bw, [I£D) = FOI | WN| = 1w, [£(0) - £(0) | W
Then, the proof is done as the second term on the right-hand side is non-negative. O

Lemma 7 (Hoeffding’s Inequality for Bounded Random Variables). Let Wy, ..., Wn be
independent random variables. Assume that W; € [m;, W;] for every i =1,..., N. Then, for any

t >0,
1 N
P(NZXZ-—Exi

i=1
Proof of Lemma 7. See Theorem 2.2.6 in Vershynin (2018). m]

>t

IN2¢2 )

<2exp|-—
P ( S (M — m;)?
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